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Transverse Vibration of a Two-Span Beam 
Under Action of a Moving Constant Force 


By R. S. AYRE,' GEORGE FORD,? ano L. S. JACOBSEN 


The problem relates to the transient vibration of a sym- 
metrical, gontinuous, simply supported two-span beam 
which is traversed by a constant force moving with con- 
stant velocity. The beam is of slender proportions, flexure 
alone being considered. Damping is zero, and there is no 
mass associated with the moving force. Exact theoretical 
solutions for bending stress have been derived in general 
form. They consist of three infinite series, each related 
to one of three time eras as follows: (a) Where force is 
crossing first span; (6) is crossing second span; (c) has left 
the beam. Each term of a series is related to a natural 
mode of Quantitative theoretical studies 
show the variation in individual terms of the series, and 
also in summations of the first five terms, as the traversing 
mechanical model with electrical 


vibration. 


velocity is varied. A 
recording of stress was employed to obtain a more complete 
The 
agreement between theory and experiment was reason- 
ably good. Large magnifications of stress (of the order 
of 2.5) were found in the neighborhood of resonance with 
the fundamental mode. 


quantitative solution than was feasible analytically. 


NOMENCLATURE 


The following nomenclature is used in the paper: 
horizontal co-ordinate 
transverse dynamic deflection of beam; positive down- 
ward 
contribution of ith mode to y 
dynamic flexural stress at lower surface of beam at a 
given location, z 
contribution of the 7th mode to¢ 
flexural stress at lower surface of beam at mid-point of 
a span due to force P, when P is fixed at mid-point 
of same span (static) 
time 
length of each span 
modulus of elasticity for bending 
moment of inertia of beam cross section with reference 
to its neutral axis 
half-depth of beam 
Z = section modulus = //c 
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cross-sectional area of beam 

weight of material of beam per unit of volume 
acceleration due to gravity 

magnitude of moving concentrated force 
uniform horizontal velocity of force 

number of a natural mode 

generalized co-ordinate for ith mode 

shape function, that is, normal function 

ete., boundary-condition constants 


ith root of frequency equation 

circular natural frequency of ith mode 
22 

—, natural period of fundamental mode 


ri 
circular forcing frequency = 


sinr © COS Ngr B 
—_ = constant for ith mode where 
sinh nr = cosh _nyr 


2, 4, 6,. 


INTRODUCTION 


The general problem attracted attention as early as 1847, when 
a British commission was appointed to study dynamic effects in 
railway bridges. The conumission set up an experimental single- 
span bridge consisting of a pair of wrought-iron bars 9 ft long and 
A carriage was made to pass over the 
The differential equation of de- 


f slender proportions 
bridge with uniform velocity. 
flection was established by neglecting the inertia of the bridge 
and by considering the moving load as a concentrated mass 
(1). An exact solution of the equation was obtained by Sir 
G. G. Stokes (2), A later and mure realistic approach was made 
by A. N. Kryloff (3), by assuming that the mass of the constant 
load was negligible in comparison with the mass of the beam 
The next step was made by 8S. P. Timoshenko (4), who solved 
the problein of a pulsating force moving with uniform velocity 
along a beam. Other work has been done, including that of 
A. N. Lowan (5), who studied the case in which the velocity of the 
traversing force is not constant, but the most comprehensive 
study is that of Sir C. E. Inglis (6, 7). The foregoing investiga- 
tions were all limited to single-~pan structures. 

In regard to continuous beams, there have been a number of 
publications (8, 9, 10) on their natural modes and frequencies of 
vibration and on their steady foreed vibration, but to our knowl- 
edge the transient problem of a foree moving across a continuous 
beam has not been published previously. 

The present study will be extended to include an alternating 
force moving with constant velocity. Moreover, both of these 
linear problems will serve as starting points for the contemplated 
nonlinear problems where appreciable mass is associated with the 


moving forces. 
Tubhory 


Standard classical methods (11) have been used in the analysis 
which follows. It is assumed: (a) the beam is of uniform mass 
and cross section; (6) the material is homogeneous, isotropic, and 

* Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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obeys Hooke’s law; (c) the beam is free to rotate at all supports, 
and that no axial stresses are introduced; (d) the beam is of such 





proportions that the effect of shear on the stress distribution and 
the effect of rotational inertia may be neglected; (e) damping is 
negligible; (f) the mass of the moving load is negligible 

Natural Frequencies and Modes of Vibration. Consider a 
simply supported continuous beam of two equal spans. The 
instantaneous deflection can be expressed as a product of q, a 
function of time, and X, a function of location z, referred to as 
the “shape”’ function 


= q- 





» IS simular ¢ 


the boundary-« 


I yllowing f equer 





are exact 


id correspond to thos 
The roots of Equation 
4)x, , Where n, is 5 


ind are equivalent to those for a 
fixed and the other simply supported 


the latter set of roots is about 0.01 per 


roots is much smaller 


lhe natural frequencies are then given b 


Py 


where p; is the cir 
mode 


Values of » 


Natural mode, 


; 
sin gm - 


] 
wiv mode ‘ leterniine fir \ ) ne A 


tor even-numbered mode cond derivatives of the 


functions, approximately | ortional to tl stresses, follow 


onet 


i-numbered modes 


la] involving boundary con- for odd modes 
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BX, 


Sil ny nex | 
sinh |. . [6a 
dz? l 


sinh ny j 


=) 


for even modes. 

The dimensionless functions given by the square brackets of 
Equations [5], [5a], [6], and [6a] have been plotted in Fig. 2 for 
the first five modes. In regard to stress, the shapes for the odd 


modes are similar to those for deflection, but for the even modes the 
stress shapes are characterized by a cusp at the center support 
The ordinate at the peak of the cusp is the maximum of the 


maxima and equals 2-sin n,x, or very nearly = \ ‘2. 

Deflections and Stresses: General. Once the roots of the fre- 
quency equations have been determined, the total deflection of the 
beam may be split into its component parts and each part, cor- 
responding to a natural frequency, may be analyzed separately 
Each component may be expressed by Equation [1] as follows 


v 


The shape functions xX, have already been de rived The general 


co-ordinates q,, are then determined by well-known methods in- 
volving the use of Lagrange’s equations of motion, and the cor 
For a | spar 
manipulation is methods are 
The “‘sy 


some simplification Once the de 


cept of generalized force am of more than one 


considerable involved, but the 
howeve 


flections y. have 


straightforward mmetrical” two-span case, 


illows of heer 
found the stresses o, follow at onee 


Voving Constant Force Let a constant! \ r re 


from left to right across the 


ePn 


beam with velocity 


Consider the for eriod as the time necessary for the force 


to traverse the tu beam The foreing tre- 


quency is then 


the first, a, the torce ts 
rossing span a; in the third, « 
d beyond the The 


stress contribution of each natural mode is described by three 


sin span 6; in the 


it has passe beam and is no longer acting 


equations, one holding foreach era; thus a triple infinity of terms 


is involved. By examination of the shape functions, Equations 


5} and [6], it is evident that the stress equations will fall into 


two groups, one for the odd-numbered modes, the other for the 


even. If the derivations 


are kept in terins of the 7th mode, each 


The 


group reduces to three general equations, one for each era 


Foree crossing span a (era a 


TRANSVERSE VIBRATION OF A TWO-SPAN BEAM 


phenomenon is then completely described by the six equations 
Wher 


when 7 is even, use Equations 


for the stress components: ¢,,, oj), and o, 

Equations [9a], [10a], and [lla] 

[9b], [106], and [115] 
Odd-numbered natural modes 


iis odd, use 


i=1,3,5,... 


> * & See 


‘ , exactly 


Force crossing span a (era a) 


* Crossing Span 


Note that Equations |%a} and 
hold over the time interval, 0 = 


Force passed beyond the beam 


liven-numbered 1 


iV 
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Force crossing span 6 (era b) 


Pl 
rtZ 


| cos nwt — 


n? 


- ( . Arr. 
sl T 
nh ] 


i beyond beam (era c) 


a 


0.0279, 


respect ively 


The values of the constants NV, are closely +0.00121 
4).0000526, . . . , for modes 2, 4, 6,..., The 
1/(1 — N,?) for practical purposes can be considered as 
It is positive and slightly greater than 1.0; its value for 


factor 

unity. 

the second mode is 1.00080 
The total stresses are 


This case corresponds to that of an infinite velocity of the foree 
P and is trivial; the stresses approach zero. Next, let 


I v— 0; 


Ps 


In this case the problem loses its dynamic aspect, and the sum- 
nation of the stress components corresponds to what is com- 
monly called the “crawl stress.” The 
ponent craw! stresses should then agree with the stresses calcu- 
Assuming, for example, that the 
determine the 
give 


summation of the com- 


lated by methods of statics 
force has reached the mid-point of span a, we 


stress at the point of loading. The methods of statics 


Pl 13 


rZ 64 


2.0048 13] 


a 


The summation of the first ten terms results in an appreciable 
error of —8.2 per cent, of the first fifteen terms in an error of 

6.2 per cent. However, if we determine the stress at the mid- 
support rather than at the point of loading, there is a pronounced 
difference in the number of terms required to give good agree- 
ment with the statical determination, since the first two terms of 
the series, of which the first is zero, result in an error of about 


0.1 per cent 
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7 sin p,t 


) ; 
) sith py 


1+( 


Nw 


Py ) 
yy NywT g 
\; sinh ; ), 


Resonance; 


Ill 


It can be shown for the odd-numbered modes that o, Teaches 
its maximum resonance value at the instant the force leaves the 
2 Letting the stress function take 


when t = 2r/w. 
that the 


beam, that is 


its maximum value, unity, we see maximum stress at 


resonance bis given by 


P 


27 {14] 
oe 4 


maxX 


' l 


and are 1.000, 0.500, 


» Tesp ctively 


The relative 
0.333 

For the 
may be derived from Equation [11 


(x/w)] 


values are determined by 1/n, 
for modes 1, 3, 5, 
*ven-numbered modes the maximum resonance stress 
Setting sin p,{t 
take 


lor o,, 


equal to unity and letting the stress function its 


maximum value, 2-sin nr, we obtair 


2 sin nox now sin Mae 


COs ny. | 


w?Z on; 


The re 


lative values are given closely by 


n; 


ire 0.590, 0.351, 0.278, for modes 2, 4, 6, ..., 


tively, and for even modes higher than the twelfth thev are de- 


they respec- 


termined within 5 per cent error by 1/n 


IV 0 


ve 
} or some \V ilues ol N,w/ Diy Vic become 8 zero for all values of ft; 
in other words, the beam is at rest and is dynamically unstrained 
at the instant the force leaves the beam. This is evident for the 
two trivial cases (I) and (II For the odd-numbered modes, the 


p, are readily determined from the fact 


intermediate values of n, 
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TueoreticaL Srress-Time DiaGrams; 
FUNDAMENTAL-Mope COMPONENT 


Fic. 4 


For five values of w/p At mid-span; z = 1/2.) 








that sin(pyr/w) equals zero whenever p,/w equals any integer. 
The condition, p;/w = n,, is an exception, since this results in 
resonance. Corresponding values of nyw/p, for the even-num- 
bered modes must be determined by solution of the equation re- 
sulting when the bracketed term in Equation [115] is set equal 
to zero. 

Absolute Mazima 
of o; for a particular mode can occur during any one of the three 
time eras depending upon the value of nw/p,. Since eras a and 
b involve two-frequency phenomena the matter of determining 
the maximum stress while the load is on the beam is a laborious 
process, especially for the even-numbered components. The de- 
termination of the maximum during era c is less troublesome, 
since only single-frequency phenomena are involved, and ngw/p, 


In general, the maximum of the maxima 


alone need be varied. The absolute maximum of ¢,, occurs in the 
general neighborhood of resonance. 


QUANTITATIVE RESULTS 


Stress-Time Diagrams Relating to Particular Natural Modes. 
Figs. 4 to 8, inclusive, show theoretical] values of the stress ratios 
¢,/a0 plotted as functions of the dimensionless time variable 
wt/w for the first five natural modes and for five different forcing 
frequencies. The abscissa or time variable is proportional to the 
horizontal distance traveled by the force 

wot t 
s i {16] 


The frequency ratio nywo/p, is used, since it is always unity at 
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5 TueoreticaL Sreess-Time Diacrkams 
Seconp-Mope Component 


or five values of #@/m. At mid-support; z = 








resonance, regardless of i; however, in comparing the effects of a 

given forcing frequency on several natural-mode stress compo- 

nents, it is often convenient to use the ratio, w/p;, which does no‘ 

change with the mode. The two forms are related as follows 
nw 

[17] 


Ps 


Forced-Vibration Terms. When the forcing frequency ap- 


proaches zero, ¢, becomes one of the components of the crawl 


stress, the amplitude of the free-vibration term approaches zero, 
At fore- 
ing frequencies greater than zero, the amplitudes of the forced- 
vibration terms are modified by the resonance function and by 


and a, is described by the forced-vibration term alone. 


the factor, 


They are illustrated by dashed curves for the fundamental! mode 
in Fig. 4, for the third mode in Fig. 6, and for the fifth 
Fig. 8. The 
dashed curves, for the second mode in Fig. 5, and for the fourth 


mode in 
forced terms for even modes are also shown by 
mode in Fig. 7; changes in amplitude as well as in shape occur, 
due to the presence of the hyperbolic functions. 


Free-Vibration Terms. The free-vibration terms describe 


cycles of motion while the force is crossing the beam. There is 
no change in either amplitude or phase of the free-vibration stress 
in passing from era a to era b for the odd-numbered modes. How- 
ever, in passing into era c, adjustments must be made in amplitude 
and phase in order to compensate for the abrupt ending of the 


forced-vibration component at wt/r = 2 
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TRANSVERSE 


VIBRATION OF A TWO-SPAN BEAM 





Fias. 6,7,8 Tneorericat Streess-T.me Diacrams 
lurrp, Fourts, anp Firra-Mopr Components 
For five values of w/p 


In regard to the 
9b] and [10b] 


for era ¢ 


even-numbered modes 


it the 


the stress equations 
indicate free-vibration stress component 


is differ ym that for era @ in amplitude as well as 
in phase. It is apparent that this is due to the slope discontinuity 
in the forced-vibration component at the juncture of the two eras 


The point is illust 


pr = , where the free-vibration component is 
shown separately in Fig. 5(d 


rated especially well in Fig. 5(c) for the second 


mode with « 0.66! 


and the forced-vibration compo- 
nent and resultant appear in Fig. 5(« The 


sations in slope have been shown by the tangent lines 


necessary compen- 


ey 


Stress-Time Diagran 


Mode Compor ents 


for the Summation of Several 
The number of terms required in 4 summa- 


tion to give satisfactory agreement with the total stress (kqua- 


tions [12]) de pends on the position of the force, that is, on time, 


the location z at which stress is being i icasured, and on the forcing 
frequency. Two such examples have already been given. How- 
ever, these are extreme cases, neither of which should be used as 


a criterion. In general, the first two terms should always be in- 


cluded in any summation, and higher terms should be added de- 


pending upon t, z, and w. It is probably safe to say that not 
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STRESS Al wip-suPeonT son F “caer 


in 


\ 





4+ - & — 


<taeer manta 


Fic. 9 


COMPARISON OF THEORETICAL AND EXx- 
PERIMENTAL Stress-Time DiaGRams 

For three locations; for #/m = 0.661. The theoreti- 
cal stress is the summation of the first five natural-mode 
components. Note that all 

sero at mid-support, and that the third-mod 





odd-mode components are 
ent is zero at mid-span 


> comy 
The experimental stress 
total stress.) 


is 





AYRE, FORD, JACOBSEN—TRANSVERSE VIBRATION OF A TWO-SPAN BEAM 


more than four or five terms are needed for most practical work, 
except at smal! values of w/p,, and for these the stress magnifica- 
tion is small and not of much practical interest. It is at this 
point that the need for an experimental apparatus, in effect, a 
calculating machine for the summation of the series of natural- 
mode components, becomes most obvious 

Fig. 9 shows the graphical summations of the first five terms of 
the series for w/p, = 0.661, and for three different locations. The 
agreement between theory and experiment is reasonably good, 
particularly in regard to the stress maxima, which are the points 
of greatest practical concern. The lack of perfect coincidence is 
uscribable to experimental errors, friction, and to limiting the 
theoretical summation of the series to a small number of terms. 
An important source of experimental error is in the traversing 
velocity, since smal! errors in w may sometimes lead to large errors 


in stress. 
Maximum Srress as Function or Frequency Ratio, w/p, 


Vatural-Mode Components. The calculated stress ratios 


Tia. %ke 
and 


ao % 


for the first five modes have been plotted in Fig. 10 as functions 
of w/p,. During eras a and b (Fig. 10a), the absolute maxima of 
the fundamental and second mode components occur at values 
of w/p; less than unity. The stress maxima of the free-vibration 
era c (Fig. 106) are characterized by series of alternating zero 
values and maxima. The absolute maxima of era ¢ occur at 
approximately the same values of w/p,; as do those of eras a and 
b. The absolute maxima of era ¢ are nearly equal to those of 
eras aand b. For low values of w/p;, the maximum stress occurs 
while the force is crossing the beam, but for w/p,; greater than 
unity the maximum stress generally occurs after the force has 
left the beam. Figs. 10 and 2, when used in conjunction with 
each other, give the maximum contribution of each component 
(Fig. 2 shows the variation in 


at any location along the beam 
if the contribution of th« 


For example, 
at mid-span, multiply th 


stress with location.) 


two-span second mode is wanted 


- ’ >« f 
ordinates of the corresponding curve in Fig. 10 by 0.83/42 = 


0.59 


Total Stresses. Experimentally determined values of the stress 


ratios 
e. 


and 


fo | max To mas 


have been plotted in Fig. 11 for three locations, Several theo- 


retical values of 


Fa.8) 


} 
Fo | max 


based upon the first five terms of the series, have also been shown 
Theoretical points of total stress for era c have not been indi- 
cated as the unlimited duration of the era makes their times of 
occurrence difficult to find. 

We can now determine for a given value of w/p,; the maximum 
stress in terms of oo, where eo may readily be calculated by Equa- 
The greatest magnification at mid-span is about 2.4, 
Since the beam is 


tion (13). 
and occurs when w/p, is approximately 0.85. 
symmetrical, the curves for era c in Figs. 11(b) and (c), should 
coincide. They agree at their maxima within about 4 per cent 

Figs. 10 and 2 can also be used to estimate maximum total 
stress, provided it is assumed that the maxima of the components 
coincide in sign and in time of occurrence. Examples: Estimate 
maximum total stress in two-span beam 


1 At mid-span when w/p, = 0.66. Use Fig. 10(a) and limit 


to first two modes 


= w 1.43 + 0.59 X 1.11 = 2.1 


70 | max 


Compare with bottom diagram in Fig. 9, and with curve for eras 
a, b, Fig. 11(c), where we obtain 2.1. 

2 At mid-span when w/p, = 1.2. 
to first two modes 


Use Fig. 10(4) and limit 


¢ 


~ 1.39 + 0.59 & 1.038 = 2.0 


OO max 
where we obtaia 1.9 


Compare with Figs. 11(b), (c), era c curve 
‘se Fig. 10(b) and limit 


3 At mid-support when w/p ia 9 


to second mode alone 


4 . 


twnae ments 








2. Ww 
p21 


2) WHILE FORCE 1S CROSSING THE OLam, ERAS e AND ® 


Fie. 10) THeroreticat AssoLuTe 


Locations are those giving maximum stress as follows 


l l 
Single span: fundamental mode, z = 3; second mode, z = 
3 . 
5° 
2 


fundamental mode, z second mode, z = 


I 
2" 


Two spans 


(See bx 


Maxima oF Stress ComMPONENTS; 
Sr~ncie-Span Bram 


eo) AFTER FORCE Was LEFT THE Stam 


Comparison OF Two-Span Beam With Simpty Surrortrep 


z = 1: fifth mode, z = da 


fourth mode J 
6"6 


third mode, z = 
Ti Of 11 
6° 6 6’ 6 
new - 
when = nj 
Pr 


Note that resonance occurs when 1, i.e., 


ations [9a, b], ete. 
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«) aT mi0-SUPPORT 


EXPERIMENTAL ABSOLUTE MAXIMA OF L STRESSES 


a 
~= 1.0 


70 max 


Compare with Fig. 11(a), where we obtain 1.1. 


Ezample. If we assume a two-span coutinuous-girder bridge 
with span lengths of 100 ft and with a fundamental natural fre- 
quency of 2 cycles per sec, the traversing ‘velocity of the force 
must be 230 mph in order that the maximum stress at mid-span 
may}be reached. The stress is not significantly greater than 
the static stress o at speeds up to about 80 rnph, while at aspeed 
of 140 mph the stress is nearly 30 per cent greater than oo. The 
foregoing overlooks the fact that actual bridge loads involve mass 

For reasons of uniformity, Fig. 11(a) relates stress at mid- 
support to 0; however, it is more indicative of stress magni- 
fication at the mid-support to relate this stress to (*/1;)o0, which 
is the static stress at mid-support due to a load at mid-span 
The greatest magnification then occurs when w/p, is about 0.9, 
and is ("*/,) X 1.7 or 3.7. Since beams are often overdesigned 
with respect to the bending stresses at the supports, th: 
fication of 3.7 at mid-support is probably of no greater practical 
importance than that of 2.4 at mid-span. 


magni- 


Tue Beam or k Equat Spans 


I'he theory can be generalized to cover the case of a beam of 
any number & of equal spans. However, it is difficult to do thi 
except for the natural modes of purely sinusoidal shape, i.e., 
1 + 2k, 1 + 3k,.... (all 


modes having the numbersi = 1, 1 + k, 
7,.... of the two- 


modes of the single-span case, modes 1, 3, 5, 
span beam, modes 1, 4, 7, 10,.... of the three-span beam, etc.) 
The equations for the stress components corresponding to these 
modes are as follows: 

Force crossing the beam (forced-vibration era) 


n 


Ww 
“sin p,t 
) 


sin nwt 
nya 


sin . 
l 


IS 


* 
o) AT MID-POINT OF SPAN « 


THEORETICAL Sol 


(° 


1 +k, 1 + 2k, 
values of n, are 1, 2, 3, 4,. 

If Equations [18] and [19] for the general case are « 
with Equations [9a], or [10a] and [lla], which are the corre- 
sponding equations relating specifically to the tw 
it can be seen that the general form includes a coefficient 2/k and, 
in Equation [19], some changes made necessary by the fact that 
the time of starting of the free-vibration era is a function of the 
A very simple relationship exists at resonance. 


the 


Lv 


where 2 l, sponding 


ipared 


-span beam 


number of spans. 
In the sinusoidally shaped modes 
pendent of the number of spans, i.e., 
span beam at a resonant velocity will induce as large a maximum 
response in the resonant mode as will the same force in crossing 


resonance stress is inde- 


a force crossing a single- 


1 beam of any number of spans. The resonance stress is given 
by Equation [14] where i must be taken as just listed. The stress 
maxima for the fundamental and second modes of a single-span 
beam have been shown in Fig. 10. They have been related to 
in order to provide a direct 


7) for the two-span cas “omparison 


SuMMARY AND CONCLUSIONS 
The principal assumptions which must be kept in mind i: 


" 
2 as loll 


ip- 


plication of the foregoing to practice are ws: 


1 The 


bending stresses alone have been considered. 


of slender proportions, ind sequently 


beam is 


2 Damping has been neglected. 


3 Any mass associated with the moving force is negligible 


It consists, as one would 
ymponents, each 
corresponding to a natural mode of vibration. There : 
series relating to three time eras, one applying while the force 
Is Crossing the first span of the beam, the second while the force 1s 
in the second span, and the third after the force has left the 


f a forced- 


An exact solution has been obtained 


expect, of an infinite series of stress ¢¢ component 


ire three 


such 


beam Each component of the first two series consists 
vibration term with a frequency proportional to the traversing 


the force, and a free-vibration term with a frequency 
the Each com 
, 


series involves only a free-vibration term The indi- 


velocity of 


equal to the natural freque ney o ponent 


mode 
of the third 
vidual terms of the series are not overly complicated, particularly 
since they reduce to six general types, three holdin odd- 
numbered natural modes, one type for each time era, and three 
for the even Equations (9a, bh}, [10a,b], [lla, b} due to the 
symmetry ol the beam those for the odd modes are simple 

»f the series to re- 


g for the 


The number of terms needed in a summation 
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sult in satisfactory agreement with the total stress depends upon 
the requirements of the particular problem, especially on the loca- 
tion z, at which stress is being measured and on the ratio w/p,, of 
forcing frequency to fundamental natural frequency. At 
the first two terms must be included, and it is believed that no 
more than four or five are needed for most practical work. This 
is in contrast to the single-span case for which the fundamental 


least 


term alone is often sufficient 
In order t 
in the phenomenon one must vary time, location, and forcing 


make a quantitative survey of the maxima occurring 


Location may fairly well be restricted to three points, 
The time of occur- 


frequency 
he center of each span and the mid-support. 
rence of the maximum stress associated with a given forcing fre- 
quency may lie in any one of the three time eras, depending 
upon the relationship of the forcing frequency to the natural 
frequencies; thus all three series must be considered. However, 
in many cases the maximum occurs either when the force is cross- 
ing the second span or after it has left the beam. It has also 
been found that at forcing frequencies in the neighborhood of the 
one producing absolute maximum stress a consideration of the 
this era is more readily handled 


only the free-vibration terms. 


third era alone gives good results 
than the others since it involve 
In regard to variation of the maxima with variation in forcing 
frequency, it has been found that the absolute maximum occurs 
at a value of w/p, of about 0.85, in other words, a little below 
resonance with the fundamental mode. 

The foregoing indicates that a large number of combinations 
must explored; it is obvious that an experimental apparatus 
is desirable for use in effecting a direct summation of the three 
series. This is true even for the relatively simple case of a sym- 
metrical two-span beam; beams of unsymmetrical arrangement 
or of more than two spans would be considerably more difficult 
to handle theoretically in a quantitative way, but not appreciably 
more so by experimental means. The experimental apparatus 
becomes particularly desirable if one is to extend the work to the 
nonlinear problem involving moving-mass loadings. 

1e equipment which has been employed is mechanical with 
electrical stress recording. While electrical analogs are often 
useful in mechanical-vibration studies, it is believed that the me- 
However, the electrical 
The problem 


chanical method is indicated in this case. 
method of recording strain is certainly desirable. 
been approac hed by recording deflection, either 


could have 


optically or electric ally. Llowever, if one is to explore the higher 
natural modes, it is desirable to use stress recording since the 
contributions of the higher modes to stress are of much 


Furthermore, 


more 
significance than their contributions to deflection. 
stress is often of more practical importance than deflection 

The stress data have been presented as ratios of stress to the 
static stress oo at mid-span caused by « concentrated load at the 
Hence it is possible simply by the caleu- 
11, to 


determine the maximum total stress at the center of either span 


same mid-span point 
lation of oo and by use of the experimental curves in Fig 


or at the mid-support for any value of w/p, within the limits of 
the curves 

A hypothetical example applying the magnification factors 
to a two-span bridge, and overlooking the fact that bridge loads 
normally involve rather large mass, indicates that large dynamic 
stresses in bridges, due to velocity loading alone, generally are 
not to be er pected 
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Appendix 


EXPERIMENTAL APPARATUS 


the schematic diagram Fig. 12 
It consists essentially of the following: 


The apparatus is shown ir 


at 





= ———4 





NG TRACK 


¢, elostic nylon string 

f, release mechanism and dynamometer 

@, Windlass 

h, pulley at which elastic 
from carriage 


string disengages 


1 The two-span beam (test section) supported at three points 
(a, b, a) with no constraint against rotation but with complete 
constraint against vertical translation The center support (b) is 
the only point at which restraint against horizontal translation is 
introduced, this is for the purpose of positioning the beam with 
reference to adjoining parts of the equipment 

2 A moving carriage (c) which provides the means for con- 
The force is applied through 
a roller on the end of a trailing spring-loaded lever attached to 


veying the force along the beam 


the carriage 
3 A guide rail (d 
4 A horizontal track along which the force approaches and 


lor directing the carriage 


leaves the beam 
5 A 
elastic nylon string (¢ 


device for accelerating the carnage, consisting of an 
attached to the carriage, a mechanism 
(f) for releasing the carriage, and a windlass (g) for stretching the 
nylon string through a dynamometer built into the releasing 


mechanism 
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6 An arresting device which dissipates most of the kinetic 
energy of the carriage through friction, and which transforms 
the remainder into elastic energy. 

7 A system for recording dynamic stress as a function of 
time. This consists of five Wheatstone bridge circuits composed 


of wire-resistance strain gages, each bridge constituting a stress 
“pickup;” circuits for selecting and balancing the pickups; 
plifiers, and a two-channel Brush oscillograph. 


am- 


8 A mechanical-electrical timing device for use in computing 
the average velocity of the force as it moved across each span. 

The more important data are as follows: 

Beam. Length of each span, 60 in.; width, 4 in.; thickness, 
3/1. in. Material, cold-rolled steel. Fundamental natural fre- 
quency, 4.70 cycles per sec. 

Carriage 

Normal weight, about 2 Ib; increased to 10 |b at low velocities. 

Loading springs, piano wire bent into a U-shape and loaded 
in bending; spring rate at roller, '/,lb per in.; force P, 3 lb. 

Effective mass of loading spring, lever, and roller assembly, 
0.25 per cent of total mass of beam. 

There are five stress pickups located 
Each consists 


Stress-Recording System. 
synunetrically on the beam, as shown in Fig. 2. 
of eight SR-4 strain gages, two in series in each leg of a Wheat- 
stone bridge. Two legs are attached to the upper surface of the 
beam and two directly underneath on the lower surface; all gages 
are active. Flexible wires, offering very little restraint to the 
beam, connect the bridge circuit with the selecting and balancing 
circuits, 

The locations of the pickups are related to the nodes and points 
of stress maxima of some of the natural modes of vibration of the 
beam. Fig. 2 indicates that pickup No. 3, mounted over the 
mid-support of the beam, records the maxima (with respect to 
location, z) of all the even-mode components, but records no part 
of the odd-mode component stresses, they being zero at this point, 


MARCH, 1950 


The locations of pickups Nos. 1 and 5, at the mid-points of spans 
a and b, respectively, coincide with positions of maximum stress 
of modes 1, 5, 9, . . . . and with zero-stress points of modes 3, 7, 
re In addition to recording the maxima of every other odd 
mode, beginning with the fundamental, they record some propor- 
tion of the maximum of each even-mode component. Similarly, 
pickups Nos. 2 and 4, which have been attached at the second 
third-point of span a, and the first third-point of span b, coincide 
with zero-stress points of modes 5, 11, 17, . . . . and record some 
proportion of all other modes. The latter two pickups are of 
particular interest in regard to modes 3 and 4, since they record 
large proportions of their maxima but only a small part of the 
second-mode component. 

By means of the selecting circuits, the pickups can be used 
individually to record total dynamic stresses, in effect, to make 
the summation of all terms of the stress series; or a symmetrical 
pair of pickups can be combined electrically so as to cance! 
either the odd or the even-mode components. For example, 
if the output of pickup No. 1 be “subtracted” electrically from 
that of No. 5, 


the contributions of modes 1, 5, 9, 


the resultant output will equal twice the sum of 
This combination “Z1VEs, 
at forcing frequencies, in the neighborhood of resonance with 
the fundamental mode, a very good idea of the fundamental 
since the contributions of the other recorded modes are relatively 
smal], On the other hand, if the outputs of pickups Nos. | and 
5 be “added,” 
shown. The ability to subtract the outputs of Nos. 1 and 5 pro- 
vided an easy method of checking the behavior of the apparatus. 


The amplifier-oscillograph was calibrated for pen response 


the odd modes disappear and only the even are 


versus input frequency, and for pen response versus peak-input 
voltage at frequencies up to 80 cycles per sec. To be certain 
that all factors had been considered, a dynamic calibration of the 
complete beam and recording system was carried out. This was 
accomplished by giving the beam a known static deflection of 
shape equivalent to the fundamental mode, and by then re- 


leasing the beam and allowing it to vibrate freely. 





Beam-Vibration Analvsis With the 
Electric-Analog Computer 


By G. D. McCANN,' ano R. H. MacNEAL,* PASADENA, CALIF. 


The authors have developed a true dynamic analogy 
which has been used with the Cal Tech electric-analog 
computer for the rapid and accurate solution of both 
steady-state and transient beam problems. This analogy 
has been found well suited to the study of beams having 
several coupled degrees of freedom, including torsion, 
simple bending, and bending in a plane. Damping and 
effects such as rotary inertia may be handled readily. The 
analogy may also be used in the study of systems involv- 
ing combined beams and “‘lumped-constant” elements. 


INTRODUCTION 


EVERAL electrical analogies have been developed in the 
S past several years for the elastic structures (1, 2).? At- 

tempts have been made to use these analogies for the solu- 
tion of vibrating-beam problems at several computing labora- 
tories. Certain difficulties were encountered which led to the 
belief that the analog method was not suited to the accurate 
computation of complex beam problems (3). These difficulties 
arose from two principal sources. One is the fact that the 
analogies were not truly dynamic but satisfied only the steady- 
state form of the beam equations at a single frequency obtained 
by substituting jw for the differential operator 3/dt. The other 
difficulty was that sufficiently accurate electrical components were 
not employed. 

A true dynamic analogy has now been developed which over- 
comes the first disadvantage and which has been used with the 
Cal Tech electric-anszlog computer for the rapid and accurate 
solution of both steady-state and transient beam problems. The 
basic analogy presented here actually was developed in 1946,‘ 
but it has been only recently that its application has been studied 
in detail and extended to a wider range of elastic media. This 
analogy has been found to be well suited to the study of beams 
having several coupled degrees of freedom, including torsion, 
simple bending, and bending in a plane. Damping and other 
effects, such as rotary inertia, which are not usually considered 
in a classical analysis, can be handled readily. Accurate solutions 
can be obtained for beams having rapid variations in cross section, 
and the analogy lends itself readily to the study of systems in- 
and “lumped constant” elements. 


volving combined beams 


1 Professor of Electrical Engineering, California Institute of 
Technology Mem. ASME 

? Student Graduate, California Institute of Technology 

? Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

4 The basic dynamic analogy for a beam in bending, was de- 
veloped by H. E. Criner and G. D. McCann in 1946, while both were 
with Westinghouse Electric Corporation. 
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ceived after the closing date will be returned 

Nore: Statements and opinions advanced in papers are to be 
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the Society. Paper No. 49—SA-3. 


Also, as ill be discussed in a later paper, the basic analogy 
can be extended to the static and dynamic analyses of plates with 
nonuniform thickness and all types of boundary conditions. 


DiFFERENTIAL EQuaTions ror BEaMs 


The following is a tabulation of the beam equations for which 
analogies are derived in this paper. Although different ap- 
proaches are possible, the electrical analogy for vibrating beams 
will be developed in this paper from the fourth-order differential 
equation for bending deflection, and the second-order differen- 
tial equation for torsion. The equation for uncoupled torsional 


vibration is 
J K Oa ody Oa 
or or ot? 


where a is the angular displacement, J, is the moment of inertia 
per unit length, and KX is the torsional rigidity. Both K and /, 
may be functions of z. 

The equation for uncoupled bending is 


> 

-s (2 -*) +m on 

oz? oa" ot? 

where y is the bending deflection, m is the mass per unit length, 

E is Young’s modulus, and / is the areal moment of inertia with 
respect to the neutral plane 

If the bending and torsional oscillations are coupled through 

an unsymmetric load distribution, Equations [1] and [2] become, 


= 0.. (2) 


for the coupled motion 


o _, O*'y o*y Oa 
El +m = So 
oz? oz? ot on 
° Oa " o*y 
-~{K * Sq 
Or or ot? 


where Sq is the first moment per unit length. 
depends upon the choice of the positive sense of rotation. 


The choice of sign 


If bending deflections in two perpendicular directions are con 
sidered, an additional equation is introduced, as well as coupling 
between the two bending modes through the product of inertia, 


I 


ye The following equations are valid only if a is small 


Oa 
on 


* Say 


_ Wa 
«= Sa, 


of? 


dz or ott * on 


O*y a 

) + Say — ot Sa, + J 

Besides these principal types of vibration, certain other effects 
ean be included in the electrical analogy. In Equation [2] the 
effect of rotary inertia has been omitted. Usually this effect is 
negligible, but it may happen that the beam has a larye inertia 
such as a flywheel attached to it. In this case the differential 
equation for bending is 
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oy 


= fr! 
or? i. : 


o* _, oy Q o*y 
2 (27 . ( 7’ . 
or* oz? Or \ ozrol? 


where p is the volumetric mass density and J’ includes besides the 
haft J, the areal moment of inertix 
to the stiffness. Equation [8] is 


areal moment of inertia of th 
of parts that do not contril 
developed in reference (4 

tension 7°, th 


If the beam is subjected to a differential equa 


tion of bending becomes 


o? _, o*y l o*y 
, El 2 
ox? ox? p or 
Equation [9] is also developed in reference (4 
f elasti 
which giv 


No satisfactory simple theory of the internal damping « 

bodies is known to the authors An aporoxi 
’ 

and yet 


cd /ol ii 


ation 
fair agreement with experimental resul simple to 
represent is obtained by replacing / this cas 


» 


Equation (2] becomes 


o? _, oy O*y 
EI ee ? +n 
oxr* ox olor* 


where c is an experimental constant. For an account of this and 


other theories cf damping see reference (5 
ANALOGIES 


DERIVATION OF ELECTRICAI 


Electrical Circuit for Torsional Vibration. Although previously 
derived elsewhere the simple torsion analogies will be considered 
first to simplify the general analysis. In the electrical network, 
the derivative with respect to a space co-ordinate is replaced by 
its finite-difference equivalent. If the value of a is known only at 


discrete points then 


Tati 


If ais a smoothly varying function and Ar = r”241 — 2, is small, 


this is a good approximation. It is certainly much better than 


the approximation 


x 
an+l 12 


Tn+1 , 
Consequently we replace Equation by the following finite 
difference equation for the nth node; Ax is assumed to be uni 


form 


and Jan is the value Rearranging Equation 


13 
Ka+t/s ~~ 07a, 
= ‘ = lan, Ar’ : 
Ar f ol? 
[14] 


Equation [14] can be regarded as a statement of Kirchhoff’s law 
for the sum of the currents at the nth node of an electrical net- 
see Fig. 1), and the 


work; ap is the voltage at the nth node 
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coefficients of the a’s are the admittances of the branches of the 


network. If each term in Equation [14] is regarded as the time 


derivative of current, then 


Ag 
Ko 
is an inductance and Jan Az is a capacitance. This correlation is 
the same as that in the mass-capacitance analogy between rigid 
mechanies and electrical networks What has been done here 
essentially, kas been to replace a continuous mechanical system 
by a lumped mechanical system, and then to show the existence 
of an electrical circuit analogous to this lumped system. If 
14] is written for the n Ist node, the coefficient of 


as the 


Equation 


x an+. is the same coefficient of an+1— a@, in Equa 


ion [14] for the 
cal analogy is bilateral 


nth node This demonstrates that the electri- 


Lael, — Ln+%, 


OOO OT 4 - — 


~~ Care 


F< Ce as 


=~ Cn 


| 
—=6. 


1s een oe 


, 
Cy "(gn -AX5 


; 4 
inthe Keele 


Fic. 1 Eaquivacentr Crracuit ror Torsional VIBRATION 


Equation [14] can also be regarded as a statement of Kirch 


hoff’s law for the sum of the voltages around the nth loop of an 
charge in the nth loop, 


electrical network. In this case a, Is the 


and the coefficients of the a’s are the impedance es of the branches 


of the network. The electrical circuit is identical with that in 


Fig. 1 where the inductance L, = Ja, Az and the capacitance 


Ma 
Kom 
ilso be derived in 


Electrical analogies for Equation [1] can 
1 


ease Ax is not uniform (see Appendix | The boundary condi 
Oatz = 
shorting the network to ground at x ry 
dition (0a)/(Or) = O ate Iy+i 
the circuit between the Vth and the A 
Or) + Az B « 


tion @ Zy can be imposed on the circuit in Fig. 1 by 


The 


is simulated by 


boundary cor- 
opening 
Ist nodes. Boundary 


conditions of the form (0a in be imposed at 


r= Ivy+! 
Electrical Circuit fo 2 


plies to the uncoupled bending vibration of a 1 


Uncoupled Bendis Equation ap 
onuniform beam 


If we define the slope 


and the shear 


O*y _ 
m [17] 
of? 


It is simpler to write the finite difference equation correspond- 
ing to Equations [15], [16], [17] than to write the finite differ- 
) 


ence equation corresponding to Equation [2 This method has 
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the advantage that it immediately reveals the correct form of the 
electrical network for the solution of transient problems. It 
also gives simple expressions for the case of unequal lumping. 
By comparison with Equations [11] and [14], the finite difference 
equations equivalent to Equations [15], [16], [17] are 


Jn+t y 
On+t/, = A = Ls] 
a 


[20] 


If Equations [19] and [20] are to be regarded as statements of 
Kirchhoff's laws for either current or voltage, S and @ must be 
quantities of different type (one current, one voltage), and also S 
and y must be quantities of different type. Consequently, @ and 
me type and Az in Equation [18] 

The 


satisfies all three of these equations if @ and 


y must be quantities of the ss 
must be a dimensionless ratio in the electrical analogy 
circuit of Fig. 2(a), 
y are regarded as voltages. Equation [18] expresses the rela- 
tionship between the primary and secondary 
transformers ratio is Az. 

Kirchhoff’s law for the sum of the currents entering the node 


The current flowing in the secondary of the transformer 


voltages of the 
where the turns Equation [19] is 
On + 1/5. 
is the turns ratio times the current in the primary, i.e., Ar-Sa+1/,. 
Equation [20] is Kirchhoff’s law for the sum of the currents enter- 
ing the node Ya: 

Because of the presence of the second derivative with respect 
to time in Equation [20], S must be the time derivative of current 
By comparison with Equation [14], 
the network inductance L, = (Az)/(EI,), and the network 
Azr-m,. The moment 


in the electrical network. 


capacitance C,, 


o*y 
or’ 


M = El 


is the time derivative of the current flowing in the inductive 
branches. 

The variables @ and y in Equations [18], [19], [20] also can be 
regarded as circulating electrical charges, and the equations can 
be regarded as Kirchhoff’s laws for the voltages around the loops 
The network so obtained is the same and the analogies are shown 
in Fig. 2(b). The shear and moment become the voltages at the 
nodes. The inductance L, = Ar-m,, 

Ar) /( EI, In the foregoing analysis we have assumed that 


Mrs umiform 


while the capacitance C, = 


This assumption is not necessary and the circuit 


Lanes 

















ox 


a, MASS-CAPACITANCE ANALOGY 


Fig. 2 
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equations for unequal lumping are derived in Appendix | 

In setting up an actual beam problem, the value of inductance 
given by L, = ( Az)/(£/,) may be too large as might also be the 
case for the capacitors. Also, the turns ratio of the transformers 
and the unit of time or frequency may be inconvenient. To meet 
this difficulty arbitrary dimensional scale factors and other con- 
stants are introduced into the original equations which are later 
chosen to give practical values of the electrical components 

see Appendix 2). This feature has been. eliminated here to 
simplify the analysis. 

Boundary Conditions for Bending Modes. 
terminations for a beam are a clamped end, « pinned end, and a 
free end. The analytical expression of these conditions, together 
with their electric analog are listed in Fig. 3 for the mass-capaci- 


The three principal 


tance analogy alone 

In each case the end of the beam is chosen to coincide with a 
node of the @ circuit (n = half-integer). The end could as easily 
have been made to coincide with integral values of n. In the 
cireuit for the clamped end, Fig. 3(a), @ should be grounded at 
r = '/; And the center tap of the primary of the transformer 
for cell No. '/, should be grounded at z = '/;. Since the second- 
and the transformer may 


ary is also grounded, y is zero at z = 1, 
be left out. Consequently, in the electrical analogy, the de- 
flection y is always zero at the center of the first section of a canti- 
lever beam. The effect of this approximation will be discussed 
later 

In the circuit for the free end, Fig. 3(b), the current analogous 
to the shear force S, and the current analogous to the moment 
M, are both zeroatz = N +! By virtue of the first condition, 
‘he current in the secondary of the transformer is zero, so that 
My My+, = 0. Now Myisy, = '/2 (My + My+i) = 0 by 
the second condition. The only way that both of these condi- 
tions can be satisfied is to set My = Mya, = 0 

In the circuit for the pinned end, Fig. 3(c), y is zero atz = 
and the center tap of the transformer, consequently, is grounded 
M is also zero at z = '/: which means that My + M, = 0, or that 
f the transformer should be twice 
But since only one half of the pr- 


i 


the current in the secondary 
as great as the current in 1, 


mary winding is used, the same effect can be produced in the 


primary circuit if the current in the secondary equals M,, instead 


of twice M, the @-circuit to the left of z 


may be omitted. 


Conse quently 


In a similar manner the circuit boundary con- 


ditions fon the mass-inductance analogy can be determined 


readily 
Either end of the beam may be part of a lumpea mechanical 
This 


network 


system also may be imposed easily on the 


condition 
electric In fact, the beam (or several beams 
} 


integrated into a complete mechanical or electromechaniecal sys- 


may be 


tem in any way that is desired. 


Equivalent Circuits for Coupled Be nding Modes and for Small 
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(0) END CLAMPED AT x= '@ (b) END FREE at x= N+'/2 


hia. 3. Bounpary ConpiTions For a Vinratine Beam 





Effects. The equivalent circuit for a beam with coupled bend- 
ing and torsion is shown in Fig. 13. Coupling between the two 
modes is by means of capacitors, C;. The equivalent circuit for 





this case is derived in Appendix 2. As noted there, Sa in some 
eases can be negative, requiring a negative capacitor or addi- 
tional transformer in transient studies. Such electronic elements 
are available in the CIT computer. However, for steady-state 





studies, such terms can be represented by inductors. 
The equivalent circuit for bending in two dimensions is shown 
Fig. 4. The effects of internal damping, rotary inertia, and 
tension are illustrated also. It will be noted that the circuit 














is not appreciably complicated by the inclusion of these effects 
The circuit derivations are given in Appendix 2 

Static Beam Loading. The foregoing analogies also are appli- 
cable to static-beam-loading problems. This will be illustrated 
with reference to the mass-inductance analogy in Fig. 2(b) 
For this, the shear-loading forces are voltages across the top node 





points which replace the dynamic forces represented by the in- 
ductors L. These forces can be simulated by applying alternating- 
current voltages having a frequency high enough so that the 
transformers function properly. A single voltage source could 
be used connected across the points a b, Fig. 2(6), with a low- 
impedance divider properly proportioning the voltage along the 





network. The capacitors also could be replaced by resistors 
or inductors having the proper impedance at the frequency 
chosen 

Other Beam Analogies. An analogy involving only capacitors 
ind inductors is shown in Fig. 5(a), for the case of uncoupled 
bending. This network apparently has been- used successfully 
in certain studies of airplane-wing flutter (2). Its chief advan- 
tage is that it does not employ transformers, which are rather 
expensive if sufficiently accurat« Its disadvantage is that it is T y Ia.c 
suitable only for steady-state vibration with the horizontal ca- 


pacitors depending upon frequency. The authors attempted to Fie. 4 Execrric Network For Benpinc 1n Two Dimensions 


: : . ; . IncLuptnG Errectrs oF [INTERNAL VDampino, Rotary INERTIA, AND 
determine the natural frequencies of an airplane wing with this ~ eisai 


network, but were defeated by the continual necessity of varying 

the horizontal capacitors. This necessity of course makes the beam problems (3). In general, electrical analogies have proved 

capacitor analogy completely unsuited to the solution of transient useful in the development of analytical and numerical methods of 

beam problems handling all types of continuous field problems. The relaxation 
Kron's double-transmission-line analogy is shown in Fig. 5() technique of Southwell (6) has its analog in electric-circuit 

It is discussed fully in reference (1). This network is similar in theory (7 

form to that described in this paper but, like the capacitor 

analogy, is not a true dynamic one, and the inductances and capaci- 

tances depend upon frequency. This network has, however, A general study has been made of the application of the anal- 

stimulated the development of digital methods for the solution of | ogies derived here. The use of such analogies for computer 


APPLICATION OF THE ELECTRICAL ANALOGIES 
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Fie. 5 Orner Anacooies Savtisryine Sreapy-Stare Equations 


solutions presents two possible sources of error. One of these is 
the fact that finite-difference equations are introduced. This 
and the re- 
important 
The second possible source of error lies in the 


is necessary for machine computing methods, 
quired number of cells for a specific problem is ar 
consideration 
electric-analog components. 

In the Cal Tech computer (8), all capacitors and resistors are 
essentially perfect in the frequency range used. The inductors 
have “Q’s” of 100 or better and thus are representative of low-loss 
mechanical systems. All elements can be set to better than one 
per cent of the desired value. Frequency and circuit impedance 
bases are so chosen that stray capacitance effects are negligible. 
rhe only elements with Imperfections which need be considered 
are the transformers. Under certain conditions their leakage 
impedance may be appreciably high or their magnetizing imped- 
ance appreciably low. The transformers are specially designed 
for a high ratio of magnetizing to leakage impedance as shown by 
Table 1 

Resonant Modes of a Uniform Cantilever Beam. 
beam provided a relatively simple and satisfactory method of 
comparing computer accuracy with 
Consequently a thorough study was made to determine the ef- 


This type of 


theoretical calculations 
fect of transformer impedances, number of finite-difference cells, 
Also, a compari- 
The uniform 


and method of imposing terminal conditions. 
son was made of the different types of analogies. 
cantilever beam is well suited for these tests because it involves 
two different kinds of boundary conditions, its mode frequencies 
are well separated, and its analytical solution is readily obtained 
This is given by the following equation 

sinh k, z).. [21] 


vy = C; (cos kz cosh ky z) + Cy (sin kz . 


TABLE 1 TRANSFORMER IMPEDANCES AND EFFECT OF 
TUNING ON ACCURACY OF MODE FREQUENCIES 


(a) Impedances: 
Leakage inductance = 0.025 henries; leakage resistance = 5 ohms 
Magnetizing inductance ranges from 55 to 80 henries for range of fre 
Taner between 50 and 800 cycles per sec and | to 10 
6) Bfect of Tuning Out Transformer Inductance 
Theoretical 
frequency, 
Mode eycles per see 
First 43.75 
First 3.75 
First 875 
Magnet: ring First 875 
None Third 0 
Leakage’ Third 0 
None Second 547.0 
Leakage Second 0 
! Tuning capacitors across one winding for 60 henries 
* Tuning capacitors in series with one winding for 0.025 henries. 
§ Frequency at which effeets of magnetizing and leakage cancel each other 


Cross Computer 


per cent 
Type of tuning 
None 
Magnetizing! 
None 


vhere 


( sinh A, + sin &k, 
C4 . cosh k,l + cos ky! 
is a solution of (cos A,/ cosh k 


and &, at 


The values of k,/ for the first five modes are 


n l 2 3 4 v0 
k,l 1.875 4.604 7.855 10.996 14.137 
The natural frequencies of these modes are proportional to the 


square of k, 


In the electrical network, Fig. 2, the resonant frequency is given 


by 


(kD? 


. {25} 
2r#N\°V LC 


where \ is the number of cells. 

The capacitor analogy in Fig. 5(a) was first set up and at- 
tempts made to determine mode frequencies. It was found that 
they could not be determined at all accurately. It was necessary 
to calculate the impedances for a series of assumed values of fre- 
quency and attempt to find a resonance condition that indicated 
This is a rather tedious process and no sharply defined 
resonant condition exists which enables determination of the 
frequencies to within even 10 or 20 per cent. If the frequency 
is known, however, the circuit gives fairly good mode shapes. It 
was concluded that this trouble would be encountered with any 
analogy that is good only for fixed frequencies 


a mode. 


The dynamic analogy derived here was then set up. The com- 
plete circuit for eight cells is shown in Fig. 6. The method of 
imposing the boundary conditions at the clamped and at the free 
ends has already been discussed. The network was driven by 
a voltage source connected through a small resistor to the free- 
end section. The presence of a resonant mode was indicated by 
a minimum current flowing in the network at the proper fre- 
quency. These minima were always very sharp, and resonant 
frequencies were reproducible to within 0.2 per cent, on consecu- 
tive trials. 

Results of Steady-State Tests on a Cantilever Beam. The mode- 
shape data from the steady-state tests are compared with theo- 
retical curves in Fig. 7. The first, second, third, and fifth modes 
are presented, using analogies with eight, sixteen, end twenty- 
four cells. Since only relative amplitudes are given by the theo- 
retical curves, one point for each set of data arbitrarily can be 
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placed on the curve. The points which are so chosen are indicated 


in Fig. 7. 

In the cantilever-beam analogy, the displacement of the mid- 
point of the first cell must be zero. It may be seen from the 
curves that this does not affect seriously the displacement at the 
second and third cells. An important conclusion which can be 
drawn from these curves is that, except as just mentioned, cell 
size has little effect on the accuracy of the mode shapes. Fight 
cells are sufficient for the first two modes and are nearly sufficient 
for the third mode. As a consequence, it is possible to represent 
a uniform beam wiiich, for instance, is part of a larger engineering 
structure by a small number of cells. This should also be true to 
a limited extent for nonuniform beams 
imply that the boundary conditions have been imposed correctly; 
for if they were not, marked improvement should have been ob- 
The mode-shape 


These conclusions also 


tained as the number of cells was increased. 
data as given by this analogy are much better than those obtained 
with the capacitor analogy in Fig. 5(a). 

Effects of Transformer Impedances. In addition to calculating 
mode shapes, the normal mode frequencies were measured for a 
large number of combinations of cell size, mode number, and the 
components LZ and C. The difference 
and the frequency 


network between the 
theoretical 
The per cent error is plotted in 


In this figure it 


measured frequency given in 
Equation [25] was calculated 
Fig. 8 as a function of ‘“‘network”’ frequency. 
will be noticed that, for a given value of the ratio L/C, the per 
cent error lies close to a mean curve, so that cell size and mode 
number have little effect on the error 

The errors are due principally to the leakage and magnetizing 
inductances of the transformers. The effect of these quantities 
is studied in Appendix 3. There it is shown that the terms of the 
differential equation involving magnetizing and leakage imped- 
ance have opposite signs. The effects of magnetizing and leakage 
impedance oppose each other, and the ratio of the two terms is 
proportional to the square of the frequency. The frequency at 
which these two effects are equal and opposite is given by 
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. a fe of! (26) 
‘“3, Ve Vii , 
where L, is the leakage inductance and Ly is the magnetizing 
inductance. As shown in Table 1, the transformers in use with 
the Cal Tech computer have an 1, = 0.025 henry and Ly = 60 
henries. 

For L/C = 10%, f, = 131 eycles per sec. The values of f, for 
the different ratios L/C are indicated in Fig. 8 along the axis of 
zero error. The observed errors cross the axis at approximately 
these points. 

The effect of 
eliminated by tuning the transforimers 
magnetizing impedance is tuned with parallel condensers across 


inductances can be 
At low frequencies 


magnetizing and leakage 


the terminals of one winding, and at high frequencies leakage im- 
pedance is tuned with condensers in series with one winding 
The values of these condensers depend on frequency, but if the 
resonant frequency is first obtained without them, only a single 
In Table 1 the 


The values of 


adjustment has been found to be necessary 

effect of tuning is illustrated for typical cases 
tuning capacitors used were the same for all transformers, being 
calculated from the mean value of leakage and magnetizing im- 
pedance. Thus it is seen that the errors in natural frequency 
plotted in Fig. 8 can be improved considerably 
values of network frequency, making it possible to guarantee an 
error in the natural frequency that is in all cases less than 2'/; 
per cent. The mode shapes are obtained much more accurately 
and are not affected appreciably by the error in mode frequency 


even for extreme 


lor a transient study, where all frequency components are 
present, it is impossible to tune the transformers; but in this 
case the accuracy requirements on frequency will usually be less 
strict 

Response of a Cantilever Beam to an Impulsive Motion of the 
Base. The transformer beam analogy is suited to the study of 
transient behavior of beams because the values of the electrical 


components are not functions of frequency. This is in sharp 
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contrast with the other beam analogies mentioned. As an ex- 
ample of transient behavior, the following problem .was selected 
for investigation: A long homogeneous beam has a large mass 
concentrated at its base. The base may not rotate, byt otherwise 
there are no constraints or supports. The large mass is given an 
impulse at ¢ = 0, so that it moves with nearly constant velocity in 
direction perpendicular to the axis of the beam. The subsequent 
motion of points along the beam is required. The mechanical 
problem and its electrical analogy are illustrated in Fig. 9. This 
problem was chosen because its analytical solution for the case of 
of an infinitely large lumped mass is not difficult. In the electri- 
cal network, time rate of change of current is the analog of force. 
Consequently the analog of an impulse is a step current. Clos- 
ing switch lin Fig. 9 allows Co, to charge up at a constant rate 
through R;. The cyclic repetition process of applying the tran- 
sient (8) is used so that the solution is displayed asastanding wave 
Switches 2, 3, 4, 


and 5 in Fig. 9 remove the energy from the system while switch 


on the sereen of a cathode-ray oscilloscope. 
lis open. For more complex beams a single application would 
usually be made of the transient forcing function to eliminate a 
complex switching circuit to remove energy. 

Oscillograms showing the response of the system are given in 
Figs. 10 and 11. In Fig. 10 the solution is given for a beam with 
a lowest natural frequency of 14.78 cycles per sec. The base 
has a mass 2.5 times the mass of the beam. From Fig. 10(g) 
(the solution for z 6 /1,), it may be seen that there is no appre- 
ciable motion of the end of the beam until the arrival of the ini- 
tial surge, and that initially the end moves in a direction opposite 
to the direction of motion of the base. 

The electrical solution is compared with an analytical solution 
for z = %/ in Fig. i2. The analytical solution is for » beam 
whose base has an infinite mass, which accounts for part of the 
shift between the two curves 

In the oscillograms in Fig. 11 the lowest mode frequency of 
the cantilever beam has been changed to 43.75 cycles per sec, 
and the mass of the base is 8.75 times the mass of the beam. Figs. 
11(a, b, c) show the deflections z = 7/1, '"/is, and ™/j6, 
tively. These solutions are similar to those for the corresponding 
positions of the first beam except that more cycles of oscillation 
Figs. 11(d, e, f) show the slope (dy/dz) of the beam at 


respec- 


are shown 


r = '/,, 9/5, and 7/5, respectively. The importance of higher 
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modes is more evident in these oscillograms than in those of de- 
The second mode, whose frequency is 6.25 times the 
of the lowest mode, does not appear in Fig. 11(e) for 
*/, the slope of the 


flection 
frequenc\ 
z = */,. The reason for this is that at « = 
second normal mode is small, see Fig. 7(). 
Moment and shear could have been measured in the network 
had that been desired. Consequently the stresses in the beam 
would have been given by the network without the need for com- 
putation. This is important because maximum stress is often 
the desired result in a transient beam study. All of these meas- 
urements can be extended without difficulty to the study of non- 
uniform beams, beams with coupled bending and torsion, and to 
beams with linear internal damping. In all of these cases nu- 
merical calculation is very difficult. 
{n example of one type 


Airplane-Wing Vibration Analysis. 
of practical beam problem which has been solved on the Cal Tech 


computer is airplane-wing vibration analysis. An illustrative 
case that was submitted for solution by the El Segundo Engi- 
neering Department of the Douglas Aircraft Company is given 
in Fig. 13. This structure represents a nonuniform beam with 
coupled bending and torsion, but the nature of the structure was 
such that the nine cells shown were considered sufficient by the 
aircraft design engineers for one half of the wing and fuselage 

In Fig. 13 the beam parameters are given in a dimensionless 
form in terms of the actual electrical parameters set into the 
computer, The actual required are 
given in Appendix 2. It was desired to deterinine only the first 
and second torsional and bending-mode frequencies and shapes 
ical conditions. The cor- 


he unsymmet 


dimensional parameters 


for both symmetrical and unsymme! 
rect boundary conditions are listed in Fig. 12 
se corresponds to pinning the ceater of the plane ir 


pes at that point. In the sym- 


rical mode c 
place with no constraint on the si 
metric case only the slopes @ and (Oa@/2z) are constrained to zero 
value at the center. As indicated Sa is negative for the first two 
cells, requiring negative capacitors for Cy. Sinee these terms 
were found to have little effect, it was found simpler to use in- 
ductors which were adjusted for the final setting at each mode 
frequency. 

Figs. 14 and 15 present the bending and torsional mode 
shapes and frequencies for a bending displacement of the wing 
tip. To show the effect of coupling with the torsional system 
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the bending modes without coupling are plotted also. It is of | second symmetric bending mode, because the frequency for this 


interest that coupling has little effect except in the case of the case is near a resonant frequency of the torsional system. 


CONCLUSIONS 





fe! ame del = The general study presented here, together with the problems 
of this type which have been solved on the Cal Tech computer, 

OF TRANSIENT BEA has demonstrated that the new beam analogies provide a rapid 

te 4 | xe fh ts 0.70000 and accurate method for solving not only static-loading and 
y J smmurem. 

+ + soWTIOn 


« 


steady-state dynamic beam-vibration problems, but also tran- 
sient beam problems. The initial problem and computer set-up 
time is quite short, and successive solutions can be run off so 


' 
rapidly that generalized studies also are relatively simpk 
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Appendix 1 
Equivatent Bexpine Crracurr ror Unequat Lumpine 


In the text, the equivalent cireuit is derived for simple bend- 
ing with the restriction that Az remain constant. It is not al- 
In the airplane- 
wing vibration problem, Fig. 13, for instance, the wing was 
divided into unequal segments, and the constants were calculated 
for each segment. 

Consider the transformation of the space variable 


ways convenient to impose this restriction. 


2 = F(z). 


aod also 


[30] 


r) BY a — 
(xr ) (Cz (x ) F(a 
or or Oz oz 


Substituting these expressions into Equations [15], 


[16], and 


17] gives the following 


Oy 


o*y 


‘ = 0 33] 
or? 


The finite-difference expressions equivalent to these equations 
with AZ held constant are 
~¥ 


a ” 
a Z)n4-1/s 


[EIF’(z))n+-1 
) ; 
Az 
[EIF"(z 
Az 


a 


's) 


OU 
m, = = O.. 
or 


Define 
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Atan+), = and Az [37} 


F'(z)a+1/, F(z), 

Then, in the foregoing equations, z may be regarded as the 
independent variable. The physical elements of the network 
are given by 


and the transformer turns ratio 7 = Aza+1/,. 

A further investigation reveals that the only restrictions on 
Az, and Aza+1/, are that their sums should each separately equal 
the length of the bar. Hence it is convenient to take Az, as 
the width of the nth cell and Az_+1/, as the distance between the 
centers of the nth and n + 1 cells. 


Appendix 2 


ANALOGY FoR CovuPpLep Mopes 


AND FoR Spectat Errecrs 


Derivation OF ELecrricat 


Coupled Bending and Torsion. In Equations [3] and [4] the 
terms containing Sa represent mutual coupling. Choosing the 
negative sign and replacing 0/(0f) by jw for convenience 

o*y a 
m—- — S, — = muy, + Sqw*a, 


ot? or 
= ¥_{w*(m 
and similarly 


Oty, 
S [uo? 
a ee _— 


39 


Since the admittance of a capacitor is ow (with respect 


1 


to rate of change of current), we have in Fig. 13 


Cin= Az (m— Sa), Cw = At-San Cum = Ar(la — Sa),. [40 


If both positive and negative values of Sg are present, some Cy 
terms must be replaced with inductors for the steady-state case 
or with the electronic equivalent of a negative capacitor for 
transient studies 

The use of dimensionless parameters mentioned in the text will 
be discussed in connection with the equations for coupled bending 
torsion, 


and Introduce the following changes into Equations 


3) and [4): 


teplace t by Nt (N 
teplace 2 by p? (p 


time-base change) 
= metric-scale change) 


a 
Replace a by ; bh 


) 


dependent variable scale change) 
Divide through by a (a impedance base change) 


Then Equations [3] and [4] become 
o? El 24) : m Oy Sa 0*a’ 0 
o2* \ap* o#* aN?* ot? abN* ot? 
o K da’ Sa Oty le O'a 
+ = 
02 \ab*p* of abN? at? ab*N*? oe 
The values of the physical elements in Fig 


st fy az Sa a az {Il Sa 
” gwe\* aN? b aN? \b?  »b 


13 become 
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Lin = ap* — La, = = T = A& 
El K 
The four factors a, b, p, and N permit these electrical parameters 
to be chosen in such a way that they fit the range of available 
physical elements. 

Bending in Two Perpendicular Directions. Yor simple bending, 
(EID) /( Sz) is the admittance between nodes in the slope circuit 
For two bending modes we see from Equations [5] and [6] that 
(EI,,)/( Az) represents a mutual admittance between the slope 
circuits. In terms of mutual impedance as obtained from the de- 
terminantal equations ‘ 

Z / 


Ar r 
E | 


oe 
I, 
ly 
11, : 
1 ‘ 5 
is 


Ar 
E 
Ar | 
EL 


E ffec ls of Rotary Inertia and Tensior The method we will us« 
here will be to write the cireuit equations for the network in Fig 
1, then to replace them by the equivalent expressions for a con- 
tinuous system (differential equations then to identify the 
circuit elements by reference to the equations of a beam. 

In Fig. 4 the arrows indicate the direction of assumed current 


flow Summing the currents at node we obtain 
Sas , / [46 
The voltage in the slope circuit is given b 
Un+1 Yn 


oon = Ar 


or, ignoring (¥,, — Yn +1) / La; ec 


On 41/ 
Ar 


Sum the currents at the node @ 


9 —_ 
On +1/5 O, 


In these equations, replacing the difference expressions by the 


corresponding differential expressio 


ON C'w?* 
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Differentiate Equation [52] 


l 0% 1 Os 


L, oz’ Ar oz 


. 


Substitute for @ from Equation [51 


1 Oty 
L, oz* 


¥ 


Substitute for (0S) /(0x) from Equation [50 


el 
Elm Ax 


and 


inertia and tension can be in- 


we see that Equation [55] is equivalent to Equations [8] 
9 Thus the effects of rotary 
cluded in the network analogy of a vibrating beam 

Az) is the ad- 


Internal Damping. For simple bending (2£/) 


mittance between nodes in the slope circuit. For internal damp- 


ing, we see from I quation [10 that 
Ie 
Ar ol 


represents an additional admittance (to rate of change of cur- 


rent) caused by the internal damping. Consequently in Fig. 4 


Appendix 3 


E ffec t of Leakage and Magnet 


there is 


zing Impedances. In a physical 


transiormer le akage reactance which may be repre- 


sented as a small inductance in series with one of the terminals 


The magnetizing impedane be represented by a large coil 


in shunt with either th m or secondary terminals, In 


Fig. 4, Lay may be nagnetizing impedance re- 


ferred to the primar Is, , as the leakage impedance 
referred to the secor rv terminal If (o7 of? 


win I 


1s replaced by 


yuation there results 


nductance will 





The Behavior of Long Beams Under 


Impact Loading 


By P. E. DUWEZ,' D. S. CLARK,? anv H. F 


This paper presents the results of a theoretical and ex- 
perimental investigation of the plastic deformation of long 
beams which are subjected to a concentrated transverse 
impact of constant velocity. In the theoretical analysis, 
the beam is supposed to be of infinite length, and plane 
cross sections are assumed to remain plane. The bending 
moment is assumed to depend on the curvature according 
to a function that is obtained from the stress-strain curve 
of the material. The theory neglects both the lateral dis- 
placement of the cross sections against each other due to 
the shearing force and the rotary kinetic energy of the 
motion of the beam. The theory shows that a strain is not 
propagated along a beam at constant velocity, as in the 
case of longitudinal impact. The strain depends on the 
ratio between the square of the distance from the point of 
impact and the time. This is correct regardless of the 
shape of the moment -curvature curve. If certain ap- 
proximations are applied to the bending moment - curva- 
ture curve, the theory provides a method of computing 
the deflection curve of a beam at any instant during im- 
pact. An experimental study has been made in which 
the deflection curves of long simply supported beams have 
been obtained during impact. The deflection characteris- 
tics of a cold-rolled steel and an annealed-copper beam 
have been computed by approximating the bending 
moment - curvature curves. It is shown that for materials 
such as cold-rolled low-carbon steel, for which plastic de- 
flection is localized at the point of impact, the observed 
deflection curve is closely approximated by computing a 
curve based on the assumption that the beam remains 
elastic. For a soft material like annealed copper, plastic 
deformation extends over a relatively large distance from 
the point of impact and, taking plastic deformation into 
account, a satisfactory agreement is obtained between 
theory and experimental results. 


INTRODUCTION 


HE theory of the elastic deformation of a beam subjected 
to a transverse impact was developed by Boussinesq‘ and 
others several decades ago. This theory will now be ex- 
tended to the case of plastic deformation. The success of this 
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extension depends on the fact that Boussinesq’s solution gives a 
clue to the form of the solution for the plastic case. Boussinesq’s 
theory is not an exact study of the three-dimensional stress- 
strain distribution in the beam, but it is based on the simplified 
equations commonly used in this type of problem. The present 
theory uses the same simplifications, but the linear equation be- 
tween bending moment and curvature is replaced by a more 
general relation. 

Experiments have been conducted for the purpose of verifying 
the theoretical developments. The dimensions of the beams and 
the experimental conditions were chosen in order to be as close as 
possible to the hypotheses used in the theory. Since the theory 
was developed for infinitely long beams, it was necessary to test 
beams for which the ratio of length to depth was very large 
The tests were made in such a way that the impact velocity re 
mained essentially constant for a predetermined period of de- 
flection referred to as the duration of impact. This period was 
made sufficiently small for only the central portion of the beam 
to be influenced by the impact. In this way the effect of the 
supports was reduced as much as possible. 

In the theoretical analysis, approximations to the true bending 
Tests have been made 
The 
bending moment - curvature curve of cold-rolled low-carbon steel 
may be approximated by an extended elastic line terminating in a 
horizontal line in the plastic region. This is one of the approxi- 
The other approximation to the 


moment - curvature curve were studied. 
with two metals in order to illustrate both approximations 


mations made in the theory. 
moment - curvature curve, which consists of an elastic line ter- 
minating in a straight line with an upward slope, may be used for 
copper. 

In order to study separately the influence of the impact velocity 
and the duration of impact on the deflection characteristics, two 
series of experiments were made on beams for each of the two 
materials. One series of tests were made with an impact velocity 
of 100 fps with the duration of impact ranging from 0.5 to 5 milli- 
sec. In another series of tests, the duration of impact was held 
constant at 1.25 or 3.34 millisec, and the impact velocity was 
varied from 25 to 150 fps. 

The investigations presented in this paper were conducted in 
1943, at the California Institute of Technology, under a contract 
with the National Defense Research Committee of the Office of 
Scientific Development. The portion of this 
paper concerned with theoretical developments is the work of 
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THEORETICAL CONSIDERATIONS 


Motion 


motion of a beam is 


The differential equation for the 
obtained from the equilibrium condi- 


The Equation of 
elastic 
tions 


2M 
Q 


ow 


Ur 


In these equations z is the distance along the beam, y the defieo- 
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tion, p the mass per unit volume, A the cross-sectional area, M 
the bending moment, and Q the shearing force. The bending 
moment M is assumed to be a function of the curvature k only 


o*y 
oz? 


k 


As Nadai*® has shown, the bending moment can be computed 
from the stress-strain relations in tension and in compression, 
provided suitable assumptions are made. The first part of the 
bending moment-curvature curve corresponds to the elastic 


bending and is a straight line given by 


M=E/k [3] 


in which F is Young’s modulus and / is the moment of inertia of 
the cross section of the beam. 

Boussinesq gave the solution of the problem for small values 
of the velocity of impact V,, for which the deformation of the beam 
His results show that the ratio y/t is a function of 
This fact remains true even when the deformation of 


is elastic. 
z*/t alone 
the beam is plastic 
to be true, the equations are integrated and the solution is shown 
to satisfy the boundary and initial conditions of the problem 


To verify this statement, which is assumed 


It is convenient to replace z by the new variabk 


where 


Taking y = ¢f(n) then 


The curvature is a function of 7 alone, and the same is true for the 
bending moment /, since M is a function of k. The shearing 
force is given by 

l dM 


Vn 


avit dn 


Q = 


“ 


and, in order to deal with functions of 9 alone, the quantity 


koe My dM 
¥ , , EI ¥? dy 


2a? 
kl 


is introduced. Equation [2] becomes 


S’ + 9 ‘"(2Qa% .=@ 


f 


tv differentiation and Equations [5] and [7], it follows that 


dk 


S* + EIS 
dM 


0 


S’(0) = 
tion of Equation [8] and gives the shear distribution for an im 


Any solution S of Equation [9] for whicl 0 is a solu- 


pact of a certain velocity. Every other quantity can be expressed 
in terms of S by integrations. The upper limit of the integrals 
is infinite, since for z = ©, the bending moment, the curvature, 
the slope, and the deflection are equal to zero. Therefore 

“Plasticity,” by A. Nadai, McGraw-Hill Boot 
New York, N. Y., 1931, p. 165 
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Equation [13], evaluated at » = 0, shows that the 
z = Oforalltisa constant, say, V;, and 


1 - S'(») 
/ ; ly 14] 
2/0 Wn 


Finally, (Oy)/(Oxr) at z = 0 is equal to zero for 
y’ = Ofort = Oandanyz>0OQ. All initial conditions are 
fied and the assumption that y is of the forn 


“(e) 


two deflection curves for the same 


Vi = 


allt andy = 


sf.tis- 


y = tf (mn) = 
ts Justified As a consequence, 
impact velocity but at different times, become identical when y is 
divided by ¢, and z is divided by Vt. In particular, the point 
zat which y = Ois proportional to Vt 

Phe force P = P(t) necessary to produce the impact is twice the 
shear Q evaluated at» = 0 
El 
—~ §(0) [15] 
a’ vit 


P = 


The force P is seen to be inversely proportional to the square 
of t. The energy W is this 
root, or 


root therefore proportional to 


square 


wa=2e! 


G 


VS(0)V/t [16] 


The Case of an Elastic Beam. The general theory given in the 
preceding section includes the case of an elastic beam under im- 
pact. Equation [9] takes the simple form 


S" =S=0 


and Equation [14] gives the solution 


/ 
;2 
[< 


2Y> Vico [17] 


Equation [12} shows that the maximum curvature is attained 


itz = 0; it is given by 


k(0) = . [18] 


iA 
oe 


The limiting velocity of impact which does not produce a 


plastic deformation is obtained by equating k(0) to the elastic 


curvature k,. This gives 


[19 


Under a concentrated impact the beam is deformed in the 


shape of a wavy curve, the waves traveling away from the point of 
impact. At each of its points the beam is successively concave 


and convex. By evaluating the integrals in Equation [13], it is 
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seen that 2», i.e., the first value of z for which y = 0, is obtained 
by the formula 


4 
EI 
13 @ /t 
Vi,» 


41) F 
Zo = .8 9 V col 
i 


where co = ~/ E/p is the speed of sound in the material. 


The Case of the Plastic Beam. The fundamental equation, 
Equation [9], can be solved only by graphical methods when the 
Lending moment - curvature curve obtained experimentally is not 
expressed analytically. It is necessary, however, to know the rela- 
tion between the bending moment and the curvature in the hys- 
teresis region, because reversal of curvature will occur in the plas- 
It may be 
assumed that, if the curvature decreases after reaching a maxi- 


tic part of the bending moment - curvature curve. 


mum value k, the corresponding value of the moment follows th« 
Fig. 1 
- curvature curve in the ratio 2:1 


hysteresis curve indicated ir The hysteresis curve is 
similar to the moment 

A computation can be carried through in a simple case in which 
itis assumed that the bending moment - curvature curve consists 
The first straight line corresponding to the 
elastic bending passes through the origin and has a slope equal to 
EI. The second straight line starts at the elastic limit k,, M,, and 
has a smaller slope. A 
bending moment is independent of the curvature in the plastic 
range 

For a bending moment - curvature relation, consisting of two 
straight lines, the derivative (dM)/(dk) is equal to either E/ or 
/Ea*. Equation [9] shows, then, that S is composed of sections 
of curves of the form A cos(y — 9) or A cos (1/a)(9—m). At 
the points of junction, both S and its derivative S’ are continu- 
ous. A typicai case is illustraied in Fig. 2. In the regions I to 


IV, Sis given by 
(‘) 
A cos n 
a 


= B sin (9 — m 


l 
= —C sin )o m 
a 


= D sin (7 — m) 


of two straight lines 


till simpler case is to suppose that the 


S= 
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The eight unknowns 9, m, 92, 7%; A, B, C, and D are determined 
by the five conditions of continuity of S and S’ and the following 
three integral conditions 


The last equation is Equation [14], and the first two are ob- 
tained from the following facts: 


1 Atm the bending moment M equals Mu, 


2 The change in M between m and m is equal to 2 M,. 


This 
is true, first, because the curvature decreases as 9 varies from m to 
mo and thus the bending moment decreases along the hysteresis 
curve; also because the slope of this hysteresis curve is E/ until 


Vf has decreased by the amount 2 M,. 

Fig. 3 illustrates these facts by exhibiting the values of & and 
VM for the different values of 9 
cecd as follows: 


The actual computations pro- 
\ pair of values m2 and » is chosen. From the continuity rela- 
tions of S and S’ the ratios A: B:C: D and the values of m and 
m are determined. Then, by trial and error, a pair of values, np» 
is found for which the 


and » first two integral conditions are 


satisfied. The impact velocity is then computed. This caleula- 
won is repeated until the given impact velocity is obtained. It 
will be noticed that the integrals involved are easily reduced to 
the Fresnel integrals and their values may be taken from the tabk 
of C. M. Sparrow. 

As the impact velocity decreases, region ILI becomes smaller 
and disappears. Then only two regions need be considered, since 
II and IV combine into a single region. Finally, region | disap- 
pears when the impact velocity is the elastic velocity 

For higher velocities of impact the integral 


o 
Ss 

dy 
, %\v 


increases. When its value equals 2 V,, a new region appears at 
n: Similar to the region III between m and m. This complication 
occurs in the computation for the copper beam. 


***Tabie of Integrals,"’ by C. M. Sparrow, Edward Brothers, Ann 
Arbor, Mich., 1934 
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Fic. 3 Benning Moment ano Curvature ror DirreRent 


VALUES OF 1 


If the second straight line of the bending moment - curvature 
curve is taken to be horizontal, the value of a is zero and the 
It will be neces- 
sary to consider two cases depending upon the magnitude of the 


foregoing computations are greatly simplified. 


impact velocity 

Case 1: V,< Vi < 2.087 V,,. 
pact velocity greater than the elastic velocity but small enough 
to avoid the region III of the preceding section. The fact that 
V; = 2.087 V, will be 
presently. Starting from the, results of the preceding section, 
let a tend toward zero. Since mo < a(x/2), the region I will 
But the derivative S’ at 7 = O tends to 
a finite limit, different from zero. The function S is then of the 


This case corresponds to an im- 


is the limiting value for this case shown 


shrink to the point 7 = 0 
form 
S B sin (» ™ 


The unknowns 9 and B are determined from the integral condi 
tions 


vf 
0 


cos (7 


Sin (\ 


Vn 


B 


“Ve 23 


1 


rhe slope (Oy)/(Ox) can be compute d at a 
{13}. 


zero 


0 from Equation 
As S’(0) no longer vanishes, this slope is different from 
It is given by 


(*),.0- 8: 


Ver," 


The appearance of this angle is duc 
moment - curvature curve considered; as 


[24] 
to the special bending 


soon as the moment 
reaches M, the material flows and the curvature can increase in- 
definitely. 


remains less than M, in absolute value 


Case 1 is valid as long as the moment V for » # 0 
The 
sentation of M, (Equation [10]) shows that V is an oscillating 
The moment M 


ittegral repre- 


function of deercasing amplitude bending 
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Fic. 4 Function S(n) ror V; > 2.087 V, 


reaches its first and largest extremum at 7 = m. The limiting 


velocity V; for Case 1 is determined from the equation 


Cl g sin(n ELV. 
= | ( M, = ‘ 
2a? r Vn a’ 


The coefficient B can be expressed in terms of m and V,. Sub- 
stitution of this expression in the last equation gives 


a 


” ” 
COs 7 
i oe / 
0 


for the limiting value of »; 
from Equation [23] the 
V, = 2.087 V, 


Case 2: V; 


sin 7 
dy 

Vn 
Sith m a 


iS ™m 


70.6 deg; and 
the velocity is 


Its solution is m = 


orresponding value of 


> 2.087 V,. For such velocities, region III should 
appear, but since 7 "7 e(w/2)1 


a 0 
the continuity of S’ 


t must shrink to a point when 
The influence of this point region is to allow a break in 


« 


The graph of the function S is giver. in 


Fig. 4 


The unknowns B, D, and » 


tions 


JS 
70 V7 


Here also the deflectior 


value i 


1 angle @ at z 


given by 


(>*), 


At the point 2; = 2 


Ik 
vi ] : B ex 
Ve 
1 tn, Which corresponds to the value m, 
slope of the beam is continuous, but the curvature 


ior , the 


changes suddenly due to the diseontinuity of S’ at m 


change of the eur 


vature is 
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VitV~_&k, 


27} as functions of V,/V, 


The values of m; and tan 8 can be plotted from Equa- 


tions [25], [26], For large values of 


impact velocity the approximate expressions obtained are as 


follows 


INVESTIGATION 


Testing Procedure. The 
‘/gin. X */, in., 


beam specimens were of rectangular 
10 ft 
long; they were tested in a position such that the long side of the 


cross section or */s in. X 1 in. and were 
rectangular cross section was in the plane of the motion of the 
beam. The ends of the beam were restricted from moving ver- 
tically by pins passing horizontally through the beam and resting 
in slots parallel to the beam, thus permitting horizontal motion 
and rotation about the pin. In this way the bending moment 
at the ends of the beam was zero. The impact of desired ve- 
locity and duration was applied by means of a 5*/.lb hammer 
The length of the contact of the 


The hammer was accelera- 


striking the beam in the center. 
hammer along the beam was */;, in 
ted to the desired velocity by means of rubber bands, and the 
velocity was measured electrically.’ The duration of the impact 
was controlled by adjusting the distance D between the top of 
the test beam and the stopping anvils. The stopping anvils 
were so arranged that they stopped the motion of the hammer 
but permitted the test beam to continue its motion downward 
due to its inertia after the impact load was released. 

The deflection curve at the end of the impact, i.e., at the instant 
the hammer hit the stopping anvils, was obtained by means of a 
spark photograph “Strobolux” (gas-filled 
electric discharge tube) was used; it gave a single flash of light of 
The tube was fired by the hammer 


For this purpose, ¢ 


about 30 microsec duration. 
crushing and grounding an insulated wire placed on the stopping 
anvils. The shutter of a camera equipped with a f:11 lens 
was opened manually just prior to the test and closed just after 
the test. 
optical black and a thin white line was painted on the side and 
adjacent to the top of the beam. A piece of black cardboard 


with white horizontal and vertical inch scales was placed directly 


The side of the beam toward the camera was painted 


behind the beam. 
In taking the photographic record an exposure was made with 


A typical photograph is shown in Fig. 5 


the beam in the static position, and then a second exposure was 
made when the hammer came in contact with the anvils. The 

7“An Experimental Study of the Propagation of Plastic Deforma- 
tion Under Conditions of Longitudinal Impact,"’ by P. E. Duwez 
and D. S. Clark, Trans. ASTM, vol. 47, 1947, pp. 502-532 
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flection Curves. The 


BEAMS UNDER IMPACT LOADING 


photographic negatives were projected at an enlarged scale, and 
the curves traced for purposes of analysis. 

Experiments were made with two different metals, namely, 
cold-rolled low-carbon steel, and annealed copper. These two 
metals served for tests of the two types of approximation of the 
bending moment-curvature curves discussed in the theory. The 
results of tests on each metal will be considered separately 

Tests on Cold > Low-Carbon-Steel Beams 
1 Bending Moment - Curvature Curve. Tension and compres 
sion stress-strain curves were first obtained experimentally for 
the material studied curvature curve 
was then computed by the method of Nadai® for a beam */s inch 
The approximate bending moment- 


curvature curve taken for the computation of the deflection 


The bending moment 


wide and 1 inch deep. 
curves under impact consists of two straight lines as indicated in 
The plastic part of the curve is approximated by 
The approximate curve is determined 


curve 2, Fig. 6 


a horizontal straight line 
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by the values of the bending moment and the curvature at the 
elastic limit, which are 8000 in-lb and 0.853 & 10~*/in., respec 
tively. 


2 ¢ omparison Between Theoretice Experimental De 


ang 


theoretical deflection curve based on the 


approximate bending moment-ecurvature curve has been com 


puted for an impact velocity of 100 fps and a deflection of 1.04 in 
Ihe duration of impact in this case is 0.87 
velocity J 


at the point z = 0 
The 


Equation [19] and 


millisee value f the elastix computed by 


o 
using the bending moment 


is 40.9 fps 


approximate 
Therefore, 
100 fps, the 
theoretical deflection 


curvature curve, in this case, in which 


must be deformed 


« plotted, together 


velocity is beam 


The 


the impact 
plasticalls 


urve 
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Distance along the beam {in.) 
5 3 40 





Deflection (in.) 


t= 


Fic. 7 Deriection Curves ror Coiv-Roiitev-Steet Beam 


(Impact velocity 100 fps; duration of impact 0.87 millisec 


Experimenta 


curve theoretica and theoretica 


assuming elastic beam —+ —-) 


with one experimental curve in Fig. 7. The angle @ and the dis- 
tance 2 from this theoretical curve are compared with the experi- 
mental values taken from two different tests made under the 
same impact conditions in the following table 


Vheoretical Experimental 
Angle @ (per cent)* 8.0 70-77 
Distance zo (in.) 12.6 17.0 -15 8 

* For simplicity, angle @ which is small, is expressed as a per- 
centage slope, or @ (per cent) = 100 tan @. 


The agreement between the theoretical and experimental angles 


is fairly good. However, there is an appreciable difference be- 


10 


(per cent) 


t) 


Angle 








01 03 
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AnoLte @ Versus Vt ror 


20, —_—_—___,_—__ 


Xo (in.) 


Distance 











02 03 a 
Yt (sec *) 


Distance ro Versus Vt ror Co_p-Roiiep-Stee. Beams 
and plastic 
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(Computed lines assuming the bearn elastic -—, 


tween the theoretical and the experimental values of z. Two 
conditions may account for this: (1) The bending moment- 
curvature curve taken for the computation is an approximation; 
(2) the beam is not infinite, as required by the theory; hence the 
support may have had some influence. In Fig. 7 is plotted a 
second theoretical deflection curve which was obtained by con 
sidering the beam to act elastically. In such a case, the theo- 
retical angle @ at the point of impact is obviously zero, which is 
not of course in agreement with the experiment. Regardless o/ 
this difference, it is interesting to note that the elastic deflection 
The 
theoretical value of z» on the elastic basis (15.2 in.) is even closer 
to the experimental value than the z»> computed by considering the 


curve is not so far from the experimental deflection curve. 


beam to behave plastically 
4. Variation of Angle @ and Distance ro With Time. 
ing to the theory, the angle @ at the point of impact and the dis- 
tance z should be proportional to +/t. A series of experiments 
hve been made on 10-ft cold-relled-steel beams with an impact 
elocity of 100 fps. The values of @and zx» are plotted against ~/t 
in Figs. 8 and 9 between 
theory is satisfactory. 


Accord- 


The agreement 
The two dashed lines in the zo, ~/t dia- 


experiments and 
gram are theoretical. One is computed on the hypothesis that 
the beam behaves plastically, while the other is computed on the 
hypothesis that the beam vemains clastic indefinitely. Here, as 
previously shown in comparing the deflection curves, the experi- 
mental value of x» seems to be in better agreement with the value 
computed on the basis of elastic behavior of the beam. 

It is significant that the experimental points in Figs. 8 and 9 lic 
on a straight line, which means that the experimental results fol- 
low the +/¢ law obtained in the theory. The difference between 
the slopes of the experimental and the theoretical straight line 
can be attributed to the approximation made for the bending 
moment - curvature curve. 

4 Variation of Angle @ With Impact Velocity 
it is possible to compute @ as a function of V;, employing the 
approximate bending moment-curvature curve (given in Fig. 6 
The angle @ is zero for impact velocities up to V,, which in this 
From V, to 2.087 i.e., between 40.9 and 85.5 


From the theory 


case is 47.9 fps. 


° 
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fps, @ varies linearly with the impact velocity V, (Equation 
[24]). For impact velocities above 2.087 V,, the function @ is 
determined by means of graphs, as explained in the theory 
The theoretical value of @ as a function of V, is given in Fig. 10. 
To check these theoretical considerations, a series of experi- 
ments has been made with the impact velocity ranging from 25 
to 150 fps and the duration of impact about 1.22 millisee. The 
experimental values of the angle @ are plotted, together with the 
angle @ 


theoretical curve in Fig. 10. The measurement of the 


» for impact 
velociti For 25 
fps, the tangent to the deflection curve at the point of impact ap- 
peared to be horizontal and the value of @ was taken as zero. For 
The agreement 


from the experimental deflection curve is not accurat 
under 75 fps, because the angle is too small 


50 fps, however, there was a measurable angle 
obtained here between the experimental and theoretical relations 
between @ and V, is not as satisfactory as the agreement between 
experimental and the theoretical relations between @ and ¢t. For 
impact velocities up to 100 fps, the discrepancy might be due to 
However, for greater impact velocities it 
On the other hand, 


experimental errors 
is too large to be ascribed to such an error 
for the relatively long durations of impact chosen for these ex- 
periments, the discrepancy might well be related to the influence 
of the supports 

5 Variation of Distance zo With Impact Velocity. Equation 
[20] gives the distance zo as a function of the dimensions of the 
beams and the time of impact t, and shows that zo is independent 
This formula, however, is valid only for 
impact than V 
distance x» cannot be expressed by a simple analytical formula 


of the impact velocity 


velocities smaller - For higher velocities, the 


but a few computations have shown that the variation of zo is 


negligible within the range of impact velocities used in the experi 
ments 

As shown in the following table, the distance z» found experi- 
mentally does not seem to have any systematic variation with the 
impact velocity and can be considered as essentially constant: 
Impact 
velocity Distance 
Vi, fps Zo, In 
18.5 
19.0 
18.0 
19.0 
17.5 


is 0 


‘ests on Annealed-Copper Beams 
PE 


1 Bending Moment -Curvature Curve. Tension and com- 


pression stress-strain curves were first obtained and the bending 
moment - curvature curve shown in Fig. 11 was computed. 

The bending moment- curvature curve was approximated by 
two straight lines, as shown in curve 2, Fig. 11. This approxi- 
mation differs from the one taken for cold-rolled steel in that the 
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(in.) 


Deflection 
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straight line in the plastic range of the curve makes an angle with 
the horizontal axis instead of being horizontal! 

2 Comparison Between Theoretical 
flection Curves. The theoretical deflection curve has been com 
puted for an impact velocity of 97.1 fps, and a deflection of 4 in 
at the point z = 0. The duration of impact in this case is 3.44 
The curve computed from the theory and the curve 


and Experimental De 


millisee 
obtained from the experiment are plotted in Fig. 12, in which it 
will be noted that the shapes of the two curves are similar. An 
upward curvature is observed in the vicinity of the impact, which 
occurs over an appreciable distance, and the angle @ at zr = 0 
is negligible in contrast with the angle found in the case of cold- 
In the latter case the angle may be attributed to a 
The curvature in the experimental 


rolled steel. 
very localized curvature 
curve is greater than in the theoretical curve, probably as a result 
of the approximation taken for the bending moment - curvature 
curve. The value of z» computed from the theory is smaller 
than the observed value (9 in. instead of 14 in.). This differenc: 
also m&y be attributed to the choice of the approximate bending 
moment - curvature curve and the influence of the supports 

A deflection curve was also computed on the assumption that 
the beam remains perfectly elastic; this is also given in Fig. 12 
In the case of the cold-rolled beams, the elastic deflection curve 
agrees rather well with the experimental curve, Fig. 7, except 
for the angle @ at the point of impact. In the case of annealed 
copper, the elastic deflection curve is not in good agreement 
with the measured deflection curve. This fact shows that for 
copper beams the influence of the plasticity cannot be overlooked 
Plastic strains are found at some distance from the point of im 
pact, whereas in cold-rolled steel, the plastic deformation war 
localized in a very sraall region near the point of impact 

3 Variation of Distance zo With Time 
in the theory that, for a given impact velocity, the distance z 
hetween the point of impact and the point at which the deflection 
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This 


f the shape of the bending 


curve cuts the horizontal axis varies directly with +t 
relation is general and independent 


This fact 


of experiments made with an impa 


has been verified by a series 
100 fps and di 


moment - eurvature curve 


ferent durations of impact 
13 it is shown that z with Vt The 


straight line draw 


In Fig 
theoretica diagram is far fron 
the experimental points. Another approximation of the bending 


This 


could be accomplished by taking a strai line t plastic 


moment - curvature curve could have giver seragreement 


range of the curve I aking 1 larger ingle with the h rizont il 4X1 


he shape of the theoretical 


However, for such an approximation, 


deflection curve, Fig. 12, would have been far from the experi 


mental curve in the region of the 
approximate bending moment - curvat urve 
theoretical deflection curve that will be in perfect agreement 


the experimental curve In order to accomplish this, it would 
imation 
different 


markedly different 


neccessary to choose different 


f 


different portions of the beam, si the portions 


the beam are subjected t I 
values 
4 Variation of D With Impact Velocity 
" 


curves have been me asured for beams tested at ve locities ranging 


Deflection 


stance x 
from 25 to 150 fps for which the duration of impact was approxi- 


(about 3.34 millisé Phe pal result of 
that the dis 


vith the im- 


mately constant prin 


these tests (see table) is the evidence they provid 
variation 


tance 29 does not present 
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pact velocity, and that it can be considered as independent of the 

velocity of impact. 
Impact 
velocity Distance 

Zo, in. 


to tw 
Sow 


~owww 


po 


UMMARY AND CONCLUSIONS 


The deflection of a beam subjected to an Impact 1s influenced 


by the bending due to the bending moment, the displacement due 
to the shear force, and the tension in the beam produced by the 
localized deflection. The results of this investigation verify the 


relations established in a theory based on the bending alone 


be concluded that 


Therefore it can shear and tension are of 
secondary importance 

The comparison of’ experimental and theoretical results is 
In these 


at which the deflection 


based on the deflection curves at the end of the impact 
curves, the distance along the beam (z 
curve crosses the horizontal axis was measured, and for cold 


rolled low-carbon steel, the angle @ formed at the point of impact 


was also measured 

The fundamental result of the theory is the fact that the strain 
is hot propagate d along the beam at constant velocity, as is the 
case in a longitudinal impact on a rod The strain depends here 
and the angk 
This holds tru 
shape of the bending moment - curvature 


curve and was found strictly verified w 


ratio x*/t and therefore the distance z 
as Vt for 


indepx dently of the 


on the 


6 must vary a given impact velocity. 


thin experimental errors 


m of the factor of proportionality had to be base« 


the ber 


The computati« 
on simple approximations to moment - curvature 


agreement can be ¢ However, for 


curve, and no perfect 
he agreement 


cold-rolled 
j 


factory, particularly in the measurement of @. The dis 


low-carbon steel and copper beams, t 


‘repancy, especially in x», may also be attributed to the influence 


of the supports. The dependence of zo and @ on the impact ve 
agreement with the theory The 


! 
plastic 


locity is also in satisfactory 


more localized is 
low Hence tl 
velocity the less important are the supports. 


It should be 


deflection curve may be predicted on the 


higher the velocity of impact, 


deformation in the region of 
noted that for cold-rolled low-carbon 

basis of elastic behavio 
This is not the 


uutside a neighborhood of the point of impact 


case for copper beam 


The authors wish to acknowle« ussistance of D. S. Wood 


vho performed a large portion laboratory tests, and of 
J. V. Charvk, who helped in carrying through son the com 


putations 





The Effect of an Axial Force on the 
Vibration of Hinged Bars 


By 


It can be shown that the vibration of an extensible bar, 
carrying no transverse load and having the ends fixed at 
the supports, causes an axial tensile force with a period 
equal to the half-period of the vibration of the bar. This 
force modifies the process of the vibration to a nonlinear 
one and produces an increase of the frequency of vibration 
according to the increase of the amplitude. 


NOMENCLATURE 


rhe following nomenclature is used in the paper: 


[ = length of bar 
= instantaneous deflection of any point z, of bar 


y oung’s mod il 


is of material 
cross-sectional area of bar 
El = flexural rigidity of bar 


VI/A 


spring constant of supports of bar relative t 


radius of gyration 

0 axial displace- 
ment 

initial axial tensile force of bar 

axial tensile force due to deflection 

transverse load per unit length 

time 

a funct f t alone 


on 
vibration mass per unit length of bar 
half amplitude of vibration 

ar 

frequency in radians per sec 

Positive integers 

n’?x*B 

Euler's load of bar for buckling form with n half 


2 
waves 
ssive load of bar 


compre 


VIBRATION oF Bars 


The of the on the 


assumption that one end of the bar, being free to move in an 


usual theory of vibration bars is based 
axial direction, an extensionless deflection of the bar is obtained 
In technical practice we often have to deal with immovable end 
hinges, or with hinges connected with supports in such a manner 
that, as the ends approach each other, a tensile force is produced 
in the bar which is proportional to the amount of that motion. 
In these cases the effect of the axial force on the process of vibra- 
tion must be investigated. Further, we assume an initial tensile 
The deflection of the bar 


with 


force and an extensibility of the bar 
be 


does not need small in comparison its transverse 
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dimensions; however, it must be small enough to represent the 


curvature of the deflected bar by the approximate expression 
o* 


In the absence of transverse load, the deflection of the v ibrating 
bar, Fig. 1, is defined by the differential equation 


O*y 
B = “ 
ox* 


oy? 
or 


O*y 
oz* 





The value So being given, we will first express the unknown 


force S, through the deflection y. The amount of approach of 


both hinged ends of the bar due to the deflection is 


dz 
Or 


Now, the axial force S,; produces an elongation of the bar 


EA 
ig 


Al S, 


[3] 


It may be seen from the last expression that the constant 1/8 


can be omitted in our further investigation without any loss of 
If, in fact, the actual constant 1/8 # 0, we shouldonly 


replace the actual area A in our final results by the reduced value 


generality. 


e . {4} 
EA 
ig 


E-quating now the Expressions [2] and [3], we get 


: 
oy 
dr 
or 
Substituting the last expression in Equation [1], we obtain 
. - 


OY 
dz 
) O2 


Oty 


[6] 
oz? 


Putting 
y = ay sin 


[7] 


the geometrical conditions at the hinged ends of the bar are 
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satistied. Using Equation [6], we get the following equation 


lor ¥ 
dy n'ria?B 
dt? tus . 
result be 
0) 


Multiplying this by (dy)/(dt) a t ating the 
tween the maximum deflection and any 


deflection ¥, we obtain 


the 


value is 


Hence quency of this force i 


P Euler load which corresponds 


function 


being that 


Y Sin (mwrr)/i 
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At first let 


initial axial 
10 16) 


increasing 


f the 


So be positive, by Equations and 


if the 
While 


vanishes if 


quency w then increases value So, is 
S negative re) i ASeS, 


and it 


become 


Equation [9] becomes 


reases 


d pl | 


P P 


( onsequently 


The solution of this e-yuation is 
critical value of the compressive 


the 


vibrating bar is larger than the E 


iler 


where & is the modulus of the elliptic function and t a constant of is zero, and it decreases to the value 


integration, which we can make zero. Now, by Equation [7 - F 
i ThA 


each expression ol the form 

at the instant of the maximum deflection (¥ l Until 

the bar h bee Trea 

we ild 
f th 


to the mass of the bar 


ansverse load on as assumed 
problem more rigorously, sho introduce at 


with a Las is a possible solution of Equation [1 But commensurate This load can be 


this equation is nonlinear in y, and for this formal reason a super 


with sufficient accuracy by a transve 


position of any solutions of the form, Equation [14], is not prac- 
ticable. The obvious mechanical reason for difficulty in obtain- 
ing a general solution of the problem is the coupling effect of 
axial forces resulting from each particular solution of the form 


of I quation 14 


The period of the function en(pt, k) is 


vere ¥ denotes a quad: 
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. igain an elliptic function 
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Graphical, Mechanical, and Electrical Aids 


for Compressible Fluid Flow 


By H. PORITSKY,' B. E. SELLS,? anv C. E 


Graphical, mechanical, and electrical methods of study- 
ing two-dimensional and axially symmetrical irrotational 
flow of nonviscous compressible fluids are described and 
examples are given of problems solved by these methods. 
Rules for the construction of compressible flux plots using 
wires, beads, and a suitable device for obtaining the de- 
sired length-width ratios of the rectangles are derived, and 
the apparatus used is described. An analogy is described 
by means of which these problems can be solved by the use 
of a d-c resistance board, employing variable resistances 
which are adjusted to conform to the derived relations. 
Designers and aerodynamicists in need of solution for 
problems for which no analytical solutions are available 
can use the methods described in this paper to obtain the 


required solutions. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


a = local velocity of sound 


@ = velocity of sound at stagnation pressure and density 


magnetic flux 


constants 
hea 


heat at constant volume 


speci it constant pressure 
speeih 
radius of circle 
electric-field intensity 
component electric-field intensity acting in z-diree- 
tion 
component of electric-field intensity acting in y-dire 
tion 
magnetic-field intensity 
tank depth 
component of electric current acting In z-direction 
component of electric current acting in y-direction 
element current at large distance from disturbances 


Mach 


distance 


number 
ilong streamline 


local pressure 


Stagnation pressure 


local ve it 
element resistance 


resistance at large distance from disturbances 
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distance from axis of symmetry 

distance from axis of symmetry at which rectangles 
become squares under stagnation conditions 

distance along equipotential line 

local velocity in x-direction 

electric-field potential 

local veloc ity in y-direction 

either dimensionless variable or horizontal co-ordinate 

either dimensionless variable or vertical co-ordinate 

distance parallel to axis of symmetry 

ratio of specific heats of fluid 

mesh spread 

vertical distance along network 

conductance 

magnetic permeability 

horizontal distance along network 

local mass density 

stagnation mass density 

density of fluid at lange distance from disturbances 

velocity-potential function 

electric potential ( voltage 

incremental velocity-potential function 

streamline functior 

current function 

incremental streamline function 


INTRODUCTION 


In the following are described several graphical, mechanical, 
and electrical aids for the study of irrotational flow of a com- 
pressible non viscous fluid 

The graphical method, also known as “flux plotting,” consists 
in drawing equipotentiais and flow lines, and utilizing certain re- 
lations between the sides An, As of the rectangles formed by 
hem For incompressible fluids these rectangles form curvi- 
4 contain these rules for two-dimen- 
Illustra- 


tive examples for the two-dimensional case are given in Figs. 8 


linear squares Sections 2 


sional flows; Section 5 for flows with axial symmetry 
and 9 

The two-dimensional flux plotting method is not new, and 
references to the literature are given in Section 6. However, 
the method does not seem to be well known, and this is one of 
the reasons for including it in the present paper 
This utilizes 
board and re juires adjustment of resistances a8 & proper 


An electrical analogy 1s described in Section 7 
a d-« 
tunction of the local voltage gradient 

Mechanical aids based on utilizing wires and pins, the wires 
For 
by Lord Rayleigh, 


sliding through holes in the pins, are described in Section 8 


incompressible flow, following 


a suggestion 


four sets of wires are used, two orthogonal sets making 45 deg 


angles with each other \ tlow of an incompressible fluid through 


a grid of turbine blades determined by this model is shown in Fig 


15 
For handling compressible fl 


low, only one orthogonal set of 


wires is used, and the wire and pin mechanical model is used with 


either proper double calipers, Fig. 18, or pairs of mutually per- 


pendicular cams, Fig. 20. The calipers are so designed that 





JOURNAL OF 


when one pair of opposite caliper legs is adjusted to a proper value 
The 


being shaped so that, when 


of An, the other automatically opens to the distance As. 
cams perform the same function by 
dropped into a rectangle, the four edges of the cams should come 
sides of the rectangle 
19 


into contact with the mid-points of the 
A problem solved by the use of the calipers is given in Fig 


and one solved by the use of the cams is given in Fig. oe 


PLort tutes roR Two-Dimensionat FLow of 


Fix 
COMPRESSIBLE FLUIDS 
As stated in the preceding section, the assumptions made re 
garding the flow are that it possesses no vorticity and no viscosity 
As a consequence of the former, the flow may be described by 
means of a velocity “potenti il function ¢, such that the velocity is 


equal to the gradient of yg. From the condition of continuity 
(conservation of fluid mass) there exists a flux function or stream- 


mass transport per unit 


line function ¥, whose gradient is the 
the flow The 


curves of constant po 


length at right angles to 


tential 


and the streamlines 


const 


it right angles (with exception of the isolated 


points at which the velocity q v inishes Denote by An, As the 
drawing the flow lines Equa- 


intersect each other 


sides of the rectangles obtained by 


tion [2] for values of y¥ differing by the same amount Ay, and 


curves of constant \ elocity potenti il I quation 


for constant values of ¢ differing by the same 


[1] at right angles 


to the former, and 


Av, with An the distance along the st and As 


reamlines, 


Phe 


amount 


the distance along the equipotentials following 


see Fig. 1 
+ CONSTANT 


aA 


A 
Pa 


a 


Fig. 1 Fireip Ne 


¥ CONSTANT 


FLow MENCLATURE 


relations will be proved for a proper ratio of Ag: Ay and for small 


increments Ag, Ay 


where 


Here ay is the velocity of sound at the stagnation pressure an 
density (po, po), q is the local velocity, and x, y are two dimension 


less variables proportion il to the sides An, Ss respectively 
An 

where C is a The graph of 

2 for the case > 14 and in Fig 

l t ( , that 


assumed 


Fig 
riving Equation 
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for large rectangles, the rectangles becon 


up in Fig. 2 as a 45-deg-line asymptot« 
>to An, and y to As it 
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A¥-values 
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some part of the flow q 


id either An or As is 
1 the 


determined otl 


Known 


given. Thus either z or y be found there ar constant 
of proportionality C in Equatior may be 
and y are dimensionless, the units of length 


represents unl 


value of 


pplica le to ill flow 


I or any one 


curve mnnditions 
Howeve or particular plots 


sus As ma 
wrving out 


6) has bee 


examples des¢ lin Sectior 


be preferre in Equation 6), repl 


when one idjus plot to obt squares at 


Phis is the case 
infinitv, when the fluid 
curve of An 


curve Equation [3j by me 


veloci loes In sucl 


tl versus As i Line rom tl hiversal 


cases e 
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each axis 

After the plot has beer 
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the local value of z, which may be found from | quation [0) an | 


measured values of An or As 


4 plot of p/p versus x for = 1.4 is given in Fig. 4 
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VeLocirry 


DERIVATION OF EQUATION 


From the definition of ¢, ¥, one obtains for 
rectangle sides A As and correspondingly sm 


Ag = (Anjq 


Ay = (As)pq 


where gq is the velocity, p the density We proceed to elir 
p by means of the Bernoulli equation 


The general! form of the Bernoulli equation is given by 


. "p 
g? dp 
{ 1 / t a. 
» 
« Jr P 


is the stagnation pressure, that is, the 


he pressure from 


where P 
which e@ stationary gas can be made to reach the state in ques 
Under the assumption of perfec 
1 


tion by isentropic expansior 


gas laws and constant specific heats the isentropic relation i 


given by 


where y = C,/C, is the ratio of specific heats 


and carrying out the integratio 


Substituting in Equation [11 


one obtains 


which mav | n either of the forms 


fecalling 


AIDS FOR COMPRESSIBLI 


FLUID FLOW 


me obtains from | jus 


17} 


[18] 


yuation [14] into the 


{19} 


the stagnation pressure, where the ve- 
rectangle sides 
Then, 


Assume now that near 
locity q is low and the rectangles are large, the 
\n, As become equal, and the rectangles become squares 


for g Oand An As Equations 20}, [21] 


Ar 


Ay = pod¢ [23 


Since 
tion holds for the whole plot 

Multiplying Equation [20] by ao, dividing by Ag and intro- 
one is led to Equation [4]. Similarly, multi- 


replacing Ay from Equation [23], 


Ag and Ay are constants for the whole plot, the last rela- 


ing iS do/q, 
plying Equation [21] by ao, 
dividing by Ag, and introducing y for As a)/ Ag, one is led from 
to Equation [5], and to Equation {3}. 

[4] shows that z, being a ratio of ve- 


This is a 


Equation [21 
Examination of Equation 
y is dimensionless 


locities, is dimensionless; similarly 


further advantage in using these variables and Equation [3]. 
\ well-known dimensionless variable is the Mach number 
[24] 


M q/a 
is, the ratio of the fluid velocity to the local velocity of 
sound. The relation between z and M is obtained from the alter- 


native form of Bernoulli equation 


that 


obtained from Equations Divid- 


ields 


which is readil 


ng Equation [25] by a 


ing 


ind introd 


so that 
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ln practice, one may prefer a curve of An, As in inches to th 
dimensionless universal curve Equation [3]. To obtain it one 
calculates C by applying Equation [6] at some place in the flow 


With ¢ 


read 


where the dimensions and flow conditions are given 


evaluated, the z-, y-vulues on the plot of Equation [3] are 


off, converted by means of Equation [6] into An, As values and 
plotted. 


4 similar procedure is followed in applying Equation 
7 
Equation |8| tor the pressure is obtained by writing -quation 


12] in the form 


and substituting for (, po) from Mquation [14], at same time 


introducing z for ao/q 
EXAMPLES 


To illustrate the application of the foregoing, consider the flow 


through a grid of vanes shown in Fig. 5 for a flow for air with 


INLET ANGLE 75° 

NLET MACH NO O379 

ISENTROPIC EXPONENT 
w+140 


Basic Grip oF BLapes 


Fie. 6 Fruux Piotr or Ine 


1.4 corresponding to a Mach number M 


As usual it will be 


at the 


deg to the ise line assumed 


Kutta-Joukovski condition is satisfied trailing end of tl 
blades; since this end is not absolutely sharp, the application 


this condition is somewhat vague and a slight discrepancy be- 


tween different plots may be expected on that account 
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In applying the rules previously stated to the present example 
it is convenient though not necessary to start first with an in- 
It will be re- 
After this 


i first approxi 


compressible plot through the grids in question 
called that this divides the pl ine into small squares 
plot is made, the flow lines from it are taken as : 
mation to the compressible flow, subject to change as a result o 


applying the rules. The incompressible plot is given in Fig. 6 


Since its flow lines have to be modified, high accuracy in it 
necessary 
From Equation 28] it 


infinit with = 1.4 


0.375 
2.704 


From Fig. 2 this corresponds to 


2.800 


Direct measurement of the period space of the grid in Fig 


vields 4.45 in., so that with a 7 leg angle for the inlet flow, one 
obtains for the inlet flow, assuming four flow spaces per space 


hetween adjacent vanes 


2.899 
A direct plot of As versus An is obtained applying Equatior 


6| to Fig. 2, and le ids to Fig 7 
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4 plot of the compre utilizing Fig. 7 


ther, in 


is given in Jig 


for the same inlet cond 


8 Fig. 9 is an 


tions and for tl n hape \ ‘ In Fig. 9 the squares we 


chosen not at stagnation pressure but at i \ the inlet sick 
same value 
1.02: To 


the \ 


Phis corresponds to utilizing Equati r the 


before, namely, ¢ 0.3853, | with ¢ 


it will be recalled that a nity 


pectively, equal to the 2.865 and 2.886 
calculation of C can now be obt making An equal t« 
infinity It will be noted that th 1 fair amount of « 


ancy between Figs. 8 and 9 
A j lot of the pressure 


~d from Fig hown i ‘hi btained 


youndar 


hot} 
th s 


AXIALLY SYMMETRIC FLOws 


For flows with axial symmetry, where the flow lines always he 
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Hence one now obtains 


now that be 


Ay 


the plot become squares 


Ay 
Ar 


under stagnation conditions 


Suppose 


obtains from bkquation 


Then one 


Introducing z 


$3] in the form 


md utilizing kquations [10 obtam 


the two-dimensional case where a 


Unlike 


k-quation |3] was obtained, now a relation aolds iny 


us well as the ratio r/ro. The relation Equation 


plotted as a series of curves, one for each value of 
») 


obtained from the curve of Figs. 2 and 3 by dividing tl 


ybyr The rectangle side An now cde pends not or 


but also upon the distance from the axis. However, 


curve can be obtained by writing Equation [35] in the 


ind represented by Figs. 2 renaming 
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cal Methods” was prepared by W. C; Brenner and Lee A. Kilgore Equation |42]| ma 

5) as a preprint of the Institute of Aeronautical Sciences for its — thus 

national meeting in 1944 The meeting was canceled due to 

war travel restrictions and the paper was not presented. It is Oy 

not available as a published paper Oy 
The basic relation between the rectangle width and its lengt! 

is given in (5) in the form of a family of curves rather than a It is now clear that an analogy 

single curve due to the fact that unit squares are employed in the fluid-velocity v rq with ele 

undisturbed stream, rather than at the stagnation pressure. transport veetor pq with the ele 


The paper includes several plots about a single airfoil (graphi the plate conductance A as follows 


cal methods are relatively inaccurate in such a problem It 
ilso contains several flows through a grid for M = 0,M = 0.6 
\ useful method suggested in the Brenner-Kilgore paper em 
ploys beads with strings running through them in mutually per tion of voltage gr nt (or t! current 


vendicular directions. This method enables one to modify gradient of ¥ This presumably could be accor 
I ¥ I 


construction after the dimensions of the rectangles have beet ing the plate thickness, but this method would suffer from many 


cheeked without considerable erasing of the inconveniences of Tavlor’s tank mo It further con- 


An analogy can be built up between compressible two-dimen ceivable that materials could be dey 


sional flow and the flow of an incompressible fluid in a tank with vary in the proper manner either 
iriable depth, the depth being adjusted to depend on the ve with the current density (possibl 
wity This analogy has been used by G., I. Taylor and C. |} effect due to the heat developed 
Sharman (6) as a basis for solving compressible flow by starting done, however, the most conven 
with a flow in a tank of uniform depth, modifying its depth in — d-e board 
secordance with the resultant velocity, and repeating this proc- By replacing the derivatives i 
4s 13] by difference quotients of 
This z\ follows from the compre ssible fluid-flow equa square lattice net ot me sh spread Ay 0’ 
tions in question, one converts these diff tial equations int 
ence equations which may be interpreted as the circuit e« 
* , _ of a network of resistances connect 
Or oy lattice, the resistance FR of each el 
ov dy zontal) being given b 
oy P Ox R 
spplying them to the flow of an incompressible fluid in a tan a 
n which p is made proportional to the tank depth h, and identi 


ing u, v as the “average” velocity over the depth h. To avoid 
surface waves, a flat plate may v6 pl iced over the water surface 
Iquation [19] shows that p is a function of the velocity g - 
Vu? + v® only Hence the tank depth must be adjusted in 


ordance with Equation ig that its depth is a proper ilues 3, plottir 


inction of the local velocity q neasuring A? 


ELECTRICAL AND MaGNetic ANALOGIES 


rhe tank analogy requires Pitot-tube measurement and suffer 
rom boundary-layer effects, from velocity disturbances in the 
lirection (normal to the top boundary ind from other diff 
culties A more convenient analogy is I by the conductior 
electric r ! i plate tor whict tl onductance 1s a fur 
Ti we t " rent densit TI 
inalogy follows f plat nduc ” lations 


where ¢ is the electri electri 
field components, A the plate conductance, and J,, /, the current 


components across the plate thickness per unit normal lengt! 





PORITSKY, SELLS, DANFORTH 


In setting up compressible flow problems on the d-c board 
one may start with constant resistances, read the voltages of the 
or from a plot 


lattice points, calculate E from Equation [46], 


based on these voltages and Equation 17 changing the re- 
sistances in accordance with Equation [45] one now reads the 
new voltage values, recomputes the electric gradient and adjusts 
This process 1s repeated till no fur 
ther change in resistances is required 


The d- urd pr 


the flux plotting method where the resistance values are evident 


the resistances once more 


cedure may be combined profitably wit! 


from the ratic of rectangle sides and the voltage gradient varies 
inversely as the distance between equipotentials. 


The electric analogy may be carried out in an alternative 


by utilizing the replacements 


pu, pq 


rather than Equation [44!, so that the fluid streamlines corre- 


spond to the lines of constant electric potential, and the density 


p corresponds to the plate resistance 

As an example, the foregoing electrical analogy was used to 
set up on the G-c board the flow of a compressible fluid, at a Mach 
number M = 0.5, around a circular cylinder placed normally t« 
the stream. In view of the symmetry of the assumed flow (dis- 
regarding the possibility of shocks) only one quadrant was set 
up on the d-c board. The network utilized is shown in Fig. 12 


‘ 


where in terms of the length units used, the circle was taken of 


Mi Network ror D-( 


radius c = 3, and the region covered extended 
10+ The analegy indicated in Equation [50 
Equation [44 


plying the boundary condition of a constant electrical potential 


rather than ir 
was utilized, due to the greater convenience of ap 
V (which is equal to ¢ and ¥ in Equation [50]) along the lower 
boundary abe and the upper boundary de, 
stant values of the flow function y, rather than applying the con 


correspon ling to con 


dition of vanishing normal derivative of the electric potential V 


zero normal current) corresponding to Og/On 0, which would 


be required if Equation [44] had been used 

The 
oarse one, especially near the circular boundary, but 
tated by the 


possible need of using two resistances in series to represent some o 


hoice of the “grain size,” it must be admitted, is a rather 


was dic- 
and the 


total number of 288 available resistances, 


the elements 


The conditions along the boundary were computed from the 
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including M‘ tions obtained 
and these were used to calculate 

10 arid to find the shape of de 
10 to the 


corresponding 


Rayleigh-Janzen theory (8 corre 
by Imai (9) and Kawamura (10), 
the boundary potentials along & 
rhe vertical resistances joining the points along » = 
upper boundary de were chosen proportional to the 
it ngth of the vertical line segments re presenting them, and simi 
The values 


abutting the rele 
10 were 


larly for the irregular segment 
of the 
the prescribed border voltages. Finally, along ad (g = 0 


vertical resistances along — = djusted to obtain 
the re 
sistances were doubled, corresponding to one of two resistances 
n parallel which would be obtained if a similar network were set 
up tor negative ¢ the measured currents 4 im the ements along 
= 0, after being read, were doubled in valuc 


All the 


equal to a constant (2 


internal re- 
10,000 ohms 
fluid, and with 


The method of solution was as follows 
sistances were chose 
corresponding to the flow of an incompressible 
boundaries which 


the modification of the resistances near the 


were adjusted (relative to R is previously described. For a 


uniform flow the voltage | 100 applied at » 9 corresponds to 
1/900 amp The 

applied, and the voltages at the various points of the network 

in tl 


current]. = boundary potentials were next 


were read, as well as the currents /,, / individual resist- 


analogy Equation [50], it is evident that the 


elocity g ol the 


Lnces From the 
eurrent J = (2 +] 
fluid, white the voltage gradient E corresponds to the fluid mass 


corresponds to the 


flow pq, and the resistances of the elements correspond to the den 
since /,,/, 


taking the mear 


sity p. The currents / were calculated were measured 


at different points, inte rpolation equiv ilent to 
was used to obtain the value of i. at 


imilarly for /, at 


of the four surrounding /, 
the mid-point of a horizontal resistance and 
esistances The resistances were 


the mid-points of vertical 


then determined as a function of the current 7 by means of 


R/R 1.05 0.051 /1 51 


his equation is obtained from Lquations and the 
1 i 


equations of Sections 2 an : \ ting fron i ‘ 49) that 


t2torM O05 


then 


btaining from Equation [28] putting 


1.4, and simplifying. The resistances were sdjusted 


to correspond to the computed values of 2, the readings taken 


4gain, and the process repeated 


As a further check, the resistances were also computed as a 
function of the voltage gradient, E = Al Ms, or of Os Noting 
that p is proportional to y/z ol Equations 3!) to [5] while As is 
Versus os iu was com 


wured J 


uljuste i 


proportional to y, a curve of R/R 


puted. The equipotentials corresponding to the m« 


values were plotted, As measured, and the resistances 


imilarly t 
} 


to correspond to the # versus As-curve Chis curve 


} f ‘ 


Figs. 2 and 3, showed a minimum value for A SOT 


ocity 


Four tests of this kind were carried out ’ ‘ of the 


last tests showed fair agreement between the values of resistances 


m the curret wlings and from 


final plot of V is show: 


set up and those determined fr 
in Fig. 13 


the voltage readings. The 


For comparison, three broken lines of incompressible flow are also 
I | 
shown in Fig. 13 

While the 


a solution of a potential flow without shock around a circular 
cylinder with M = 0.5 


foregoing renders highly probable the existence of 


it does not assure it, i Vie ’ e low 





JOURNAL OF APPLIED MECHANICS 








Q 2 


Fre. 138) Frow Lines ror CompressisBLe Fro OUND CIRCULAR 


(CYLINDER For M O5 


eweuracy of present-day d-e boards, the rather large “‘grain size 
vearness of constant boundary conditions, as 
vet the tests 


f eliminating 


used, the assumed 
well as the relatively small number of iterations 
show that the use of the board for the purpose 
tedious relaxation calculations is quite attractive. Since pres- 
ent d-c boards were not built for the purpose of solving field 
problems but rather for the analysis of short cireuits of power 
systems, it is planned to build a new d-+ board with more units 
ind of higher accuracy which will be mee suitable fer field prob- 
loms 


It is also interest to point out the existence of a “magnetic 


nalogy”’ to the fluid-flow or electrical-conductance problem in a 
material with a nonlinear (H, B)-relation. In the analogy Equa 
tion [44] S becomes the magnetic potential, £, / are replaced b 


H, B, and the cenductance \ by the persaeability « defined b 
PP 


H 
In identifying Equation [3| or (49| with (B, H)-curves or u versus 
//-curves it must be kept in mind that H, B, uw va is l/r, 1/y, 
r/y 
While the 


of utilization for fluid flow since the (B 


inalogy is complete, it offers no obvious possibility 


H)-curves for ferromag 
netic materials do not resemble the curve Equation [3 


S Mecwanicat Move ts Urinizing Wires anp Pins 


The aetwork of beads and strings previously described has an 


lifficulty im that drilling the holes at right angles in the 


heads does not satisfy the condition that the strings intersect in 


inherent 


right angles. In fact, due to the curvature of the flux and equi- 


potential lines must depart from right angles, 


but there is way of « ining these departures from right 


inyles lo the condition of orthogonality 


used in conjunction with pins 
them drilled 


small spring 

having holes in 
at right angles Except for 
the effect of clearance between 


nd the 


intersect in the 


holes, th 


ngle despite 
in the flow field 


s shown 


irrangement 
in Fig. 14 
—— To satisfy Laplace's equation 


Wires for two-dimensional, incom- 


MARCH, 1950 


pressible flow, the units of the network must have a constant 
length-width ratio which leads to curvilinear squares. Lord Ray 


leigh (7) proposed that superimposing @ second orthogonal net- 


work on the original, forming +45 deg with the original network, 
and using common intersections for the double mesh would pro- 
duce such a network of curvilinear squares. It may be shown 
that such a superimposed mesh forms a more perfect realization 
of the small square plotting rule that can be accomplished by the 
usual method of equating the length between mid-points of the 
curvilinear square. This is true because the small square rule is 
exact only in the limit when the size of the squares approaches 
zero, while the 15-deg rule regarding the curvilinear diagonals Is 
exact even for finite-size squares. The angle requirements ar 
then exact and produce a more accurate plot. 

A working model utilizing this principle was constructed by 
using music wire, 0.020 in. diam, with brass pins ?/, in. diam 
Some difficulty was encountered with the permanent set of coiled 
wire but this was alleviated by obtaining straight wire from the 
mill. After some experimentation, it was possible to mass-pro- 
to clear- 


duce the small pins so that the angular variation due 


ance and machining tolerances did not exceed deg from the 
prescribe | angle 
This device has been used satisfactorily, and Figs. 15 and 16 


show an example of its use in obtaining » conception of tie flow 





PORITSKY, SELLS, DANFORTH—AIDS FOR COMPRESSIBLE 


:round 4 grid of turbine blades. Experience has shown that it is 
better to use a minimum of two passages between three successive 
blades in plotting the cascade field. Because the circulation 
round the blade is seldom an integral number, an overlapping of 
the equipotential lines is to be expected between the two flow 
paths. This has been found to have no serious difficulty since 
the per cent overlap is constant throughout the field. A similar 
duplication also occurs for the 45-deg network. 

It may be pointed out, however, that a single passage between 
adjacent blades will give exact results if the condition of periodic- 
ity of the flow lines be imposed by means of additional pins which 
are maintained apart at a constant pitch by means of additional 
rigid bars running above the regular pins and wires 

Several sets of pins were used to perform the plotting: special 
pointed pins were us: 1 to form the flux lines to the blade boundary 
and a special pin was used for the stagnation point on the central 
blade of the cascade 

\ flux plot of the flow of an incompressible fluid through « 
hype bolic channel made to check the results obtained from the 


wire mesh against an analytical solution is shown in Fig. 17 


hia. 17) FPuow or Incompressipite Fiurp in a Hypersoric Cuan 
NEI 


Comparison of velocities obtained from the flux plot with ve 
locities obtained from the analytica! solution showed a maximum 
discrepancy of approximately 10 per cent This discrepancy was 
considered justified since only approximate boundary conditions 
were used in setting up the problem 

The value of this apparatus lies in indicating the nature of the 
flow for problems where no analytical! solutions are known. It is 


best adapted to problems such as cascades of blades where the 


boundary conditions are fairly well defined. For such problems 


in accuracy of approximately 3 per cent may be expected. 

In conside ring the flux plotting ofa compressible flow field, one 
no longer has the condition of small squares, although the speci 
fication of an orthogonal network still obtains. The relationship 
of rectangles of constant length-width ratio is now replaced by the 
relationship given in Sections 2 through 5, where it is shown that 
one side of the rectangle, An, is a definite function of the second 
side As. While it is possible to incorporate the principle in some 


FLUID FLOW 


definite point and regulating the 
opening of each caliper pair by 
means of a screw carrying a disk 
working against cam surfaces on the 
legs. The one pair of cam surfaces 
is straight and yields a linear chang: 
of As with the rotation of the screw 
while the other side is curved and has 
the shape of Fig. 2 incorporated in it 

To construct a compressible plot 
the basic 90-deg network is used 
without the 45-deg diagonal wires 
Again, experience has shown some 
ulvantage in using two adjacent pas 
sages for cascade flow plots. Such a 
plot is shown in Fig. 19. The cascade 
is identical with the one for incom- 
pressible flow shown in Fig. 15, with 
the same inlet flow angle and the 
Mach number equal to 0.5. This 
plot was made by starting in the 


center of the upper passage and test 


mnG Wepar 


mechanism which will prescribe automatically proper relationshi; NLET ANGLE 

of As to An for the entire wire mesh, such schemes thus far in a Cae 

vestigated appear unduly complicated and expensive, since an) , Ficx Poor oF 

such method postulates the existence of such « device for each 

small mesh of the network ng each rectangle while working against the directior tow 
4 rather simple caliper device for the solution of compressible ind then completing the lower passage in the direction of 

flow fields has been constructed and is shown in Fig. 18. Essen flow The complete mesh was tested several times to obtain 

tially, it is a pair of four-legged calipers with the width between 1 good degree of accuracy Approximately 40 hr were required 

one pair of opposite legs being set as a function of the width be to perform such a plot sutisiactorily 

tween the other pair of legs. This latter set of legs, for the view Another device which may be used for the solution of com 

shown, has a width of n. fer As at a true Mach number of  pressible flow fields is shown in Fig. 20. This device consists of 

unity two thin, fla ives one trapezoidal, the other having curved 
This setting is accomplished by pivoting the caliper legs at a sides. These aves are rigidly joined together along their verti 
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eal center lines at right angles to each other, forming a wedge 
whose vertical height is 2 ii. The shape of this wedge is deter- 


mined by the relationship given by the curve shown in Fig. 2, 


each point along the vertical axis of the wedge corresponding to a 


point on the curve 
In performing a plot, the same basic wire network is used but is 

constructed 2 in. above the working surface as shown in Fig. 21 

to permit the wedges to be inserted vertically into the rectangles 

formed by the wires Special long pins are used to support the 

network away from its boundaries 

ides olf 


The length-width ratios of the ill the rectangles of the 


network are then adjusted until the device may be inserted, with- 


out into any rectangle to a depth determined by th 


When so inserted 


mid-points of the 


foreing, 
size of the rectangle 
the 


ives 


the edges of the k 


must just touch sides of the rectangk 
As soon as all of the rectangles have been so adjusted the network 
is complete. In performing this operation several of the wedges 
may be used simultaneously 

It is felt that these wedges are superior to the calipers just 
ind that 


quired to perform a plot with their use is less, through the elimina- 


described, in that their first cost is lower he time re- 


tion of the time required to adjust the ¢ ilipers 

A flux plot made using the wedges of the flow of compressible 
at the 
0.8 is shown in Fig. 22 


fluid through a hyperbolic channel with a Mach number 


center of the channel of ipproximatet 


rhis figure may be compared with Fig. 17 which shows incom- 


pressible low througl the same channel 
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Introduction to the Comprex 


By F. W. BARRY,' CAMBRIDGE, MASS 


This paper describes the construction and operation of 
a comprex, or pressure exchanger, together with its appli- 
cation to a gas-turbine cycle. A simple analysis is also 
developed, which is intended to indicate the performance 
characteristics of a comprex. This analysis shows that 
the pressure ratio, relative gas flow, and the ratio of the 
temperature of the leaving gas to that of the entering air 
are all functions of scavenging velocity and of the nature 
of the compression and expansion processes (as is shown 
graphically). Some irreversibility is found to be essential 
to the useful operation of a comprex. Finally, formulas 
for the major dimensions of a comprex are presented. 


NOMENCLATURE 
The 


scripts corresponding to the numbers in Fig. 1 


following nomenclature is used in the paper, with sub- 


{1 = area of port normal to rotor axis 
c il see Fig. 1), fps 
specific heats, Btu/lb deg R 


mean diameter of cells 


solute velocity 


acceleration of gravity 
specific enthalpy 
mechanical equivalent of heat 
ratio of specific heats, assumed 
length of rotor (see Fig. 1) 
circumferential distance (see Fig. 1 
polytropie exponent 
pressure 
velocity of wave relative to rotor 
gas constant, 53.35 ft per deg R 
radial height of cells, ft 
absolute temperature, deg R 

internal energy 

rotor peripheral velocity at mean diameter 
= specific volume 

weight rate of flow, lb per sec 
= velocity of flow relative to rotor (see Fig. 5), 
= helix angle of cells (see Fig. 1 
angle (see Fig. 5 


density, 1 /t 


INTRODUCTION 


For years engineers have attempted to devise a purely rotary 


machine which, like an internal-combustion engine, may utilize 
1 fluid at temperatures greatly in excess of those reached by the 
materials employed. Such a device would enjoy the mechanical 
simplicity of a turbine, yet, by virtue of a higher permissibk 
maximum temperature, could attain a higher thermal efficiency 


Claude Seippel of Brown Boveri achieved this goal in 1940, by 
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inventing the comprex, or pressure exchanger, which compresses 
one stream and expands another in its rotor As in an internal- 
combustion engine, the working space of a comprex contains 
alternately hot and cold gas, in order that the wall temperature 
will remain below that will withstand 


which ordinary metals 


For example, if the expansion process operates between tem- 
peratures of 1540 and 1200 F, and the compression process be- 
tween 360 and 660 F, the wall temperature would be the average 
of these, or-only 940 F, Due to the high speed of operation, the 
temperature at the wall surface will deviate but little from this 
mean. 

Fig. 1 shows two sections of a comprex on the right. It is seen 


to consist of but two components; the casing and the rotor 
The casing has two inlet ports at one end and two exit ports at 
the other. The rotor has around its periphery a number of 
shrouded helical cells in which the compression and expansion 
processes take place. Since, in the Brown-Boveri design, there 
are 30 cells, and the rotor revolves at 6000 rpm, it is plain that the 
flow in the ports is essentially continuous. A motor or turbine 


is connected to the rotor to serve as a governor 


CycL_e oF OPERATION 


A developed view of the cells and ports, showing the waves 
accomplishing the compression and expansion processes, is on the 
left in Fig. 1. The inlet on the right, and the exit 
ports, on the left, that is, the flow is from right to left. The two 
long vertical lines are the ends of the rotor, which is moving up- 
ward. 


ports are 


In order to explain the cell mechanics, it is most convenient to 


consider an observer on the rotor. To him, any one cell appears 
stationary, and the ports appear to pass by the ends of this cell 
in the correct sequence 


To start, let us say that he sees the cell full of gas flowing to 





SECTION A-A 


Devetoreo View or Rorok anv Sections oF Compaex 
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the left and that a port on the right has just opened to admit 
The terms “‘gas’’ and “‘air’’ are used 
they do not imply 


low-pressure air in state i. 
to distinguish between the two streams; 
differences in composition.) This air also flows to the left be- 
hind a surface of separation between air and gas with the same ve- 
locity, relative to the observer on the rotor, as does the gas 
As the last gas leaves the cell the port on the left closes and, as 
a result, produces a pneumatic ram effect on the moving air. The 
associated pressure increase occurs in a wave which travels back 
along the cell at about the speed of sound. The inlet port closes 
as this wave reaches the end, so as to trap a charge of stagnant 
medium-pressure air, in state 2, in the cell 

The port on the right next opens to admit high-pressure gas 


in state 4, which compresses the air still further. As before, the 


pressure increase occurs in a wave moving, in this case, to the 


left. The high-pressure air port opens when this wave reaches 
the left end to permit the air, in state 3, to be scavenged out of 
the cell by the following gas. While the cell is filled with a 
stream of air and gas flowing to the left, the observer sees the gas 
By virtue of its momentum the gas expands to a 


port close 
The closing of the ga 


lower pressure behind the closed port 
port is timed so that the expansion wave, in which this pressurs 
drop occurs, reaches the left end at the same instant as the last 
air leaves the cell. Since the high-pressure air port closes at the 
same time, a charge of stagnant medium-pressure gas, in state 
5, is thus trapped in the cell. 

Now the low-pressure gas port opens at the left. As a result 
a second expansion wave shoots to the right and leaves behind it 
low-pressure gas, in state 6, flowing to the left out of the port 
Finally, as this wave reaches the right end, the low-pressure 
air port opens Thu rie comple te evele of operation has o 
curred in one revolution of the rotor 

In order to get away from certain restrictions inherent in the 
design just deseribed, it is necessary to make some alterations in 
the cycle of operation For example, there is the arrar gement 
shown in Fig. 2 which employs two-stage (a stage consists of two 
waves) compression and expansion. Such a unit would operate 
it a higher pressure ratio without any increase in pressure ratio 


SEPARATING SURFACE 
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EXPANSION WAVE 
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across each wave. An important feature is that air iust be 
supplied at two pressures and that gas is exhausted also at two 
Another excellent variation uses single-stage com- 


Such a unit does not have 


pressures 
pression with two-stage expansion 
the disadvantage of requiring that air be supplied at two pres- 
sures, although it still produces gas at two pressure levels, and it 
has the advantage that the ratio of the temperature of low-pres- 
sure gas to that of low-pressure air may be greater than for the 
other two designs mentioned previously. 


Gas-TURBINE APPLICATION 


Having discussed the operation of a comprex, let us now in- 
vestigate one of its most promising applications, namely, its 
use as a high-pressure stage in a gas turbine. Fig. 3 shows sche 
matically a possible arrangement, and Fig. 4 shows the tem- 
perature-entropy diagram for the corresponding cycle. Air is 
first compressed by compressor A and flows through duct G 
to the comprex C. It is there compressed further, as just de- 
scribed, and then passes through fan F. 
sary to overcome pressure drops in the high-pressure ducts and 
Fuel is then burned in the air entering the com 


The fan may be neces- 


combustor B 
bustor. Some of the resulting gas expands in the comprex and 
flows through duct P to the turbines 
expand in the comprex, the remainder, tempered by cool air 
from duct D, flows through EF to the high-pressure turbine H 
The gas leaving this turbine mixes with that from the comprex 
The comprex rotor 


Since all of the gas cannot 


and expands in the low-pressure turbine 7’. 
is connected to a motor or turbine, M. 

At this point one would naturally ask how this cycle 
comprex, compares with the familiar simple cycle. One might 


Ising & 


expect that the performance would be similar to that of a simple 
cycle having the same over-all pressure ratio and having a tur 
bine-inlet temperature equal to that of the gas entering the com- 
prex Alternatively, one might that the additional 
power, over that of a simple cycle using the same compressor and 


consider 


low-pressure turbine, is about that developed by the high-pres- 
sure turbine, H. Dr. Meyer (1)? expects that for a particular 
unit the power would be increased by 80 per cent and the effi- 


cienev by 25 per cent 


Fiow ANALYsIs 


In the remaining part of this paper an analysis of the opera 
tion of the comprex is presented. Its purposes are to relate the 


various flow other, thereby determining 


ich may be independent, and to provide a means for making 


parameters to each 
wii 
1 preliminary design. For this analysis the following assump- 


thos are mace 


1 e problem is considered as one-dimensional within each 
ell 
2 There is no heat or work transfer to the cell walls. The 


Meyer 


1); the latter is true for constant cell diameter and helix angle 


ormer assumption is justified by statements made by Dr 


3 The pressure and velocity on each side of a surface of 


eparation between gas and air are equal 


und w 


Pp Ps, and wy, Ws 

the curves presented herein it is further assumed 
, Which is equivalent to requiring that 8, = 83 or 
This assumption is not essential to the analysis, pro- 


d that angles 8, and 8; and velocities c; and ¢; are so chosen 
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that the helix angle a and the rotor velocity u are the same in both 
the low and high-pressure-velocity triangles, Fig. 5(a) and (). 

4 Losses due to mixing and leakage are neglected. The 
former may be minimized by keeping the angle 8 small and 
thereby reducing radial pressure gradients at’ the surfaces of 
separation. 

5 Pressure and velocity changes occur only in moving waves 
of negligible thickness which do not reflect from the cell ends. 
A method of reducing the resulting erfors for the expansion waves 
is briefly discussed. 

6 The air and gas obey the perfect gas law, py = RT. 
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The first task is to relate the over-all pressure ratio, p;/p,, to 
the seavcaging velocity w,. As a first approach, jet us assume 
that the waves causing the pressure increments in the air are nor- 
mal shocks. Consider the first compression wave, moving to the 
right with speed q, which separates the inlet air moving to 
the left at w, from the air in state 2, which is at rest relative to the 
rotor. These velocities are shown in the top part of Fig. 5(c); 
below, the flow velocities are shown relative to the moving shock 
which then appears to be stationary. The well-known normal- 
shock relations now enable one to calculate the properties of the 
air in state 2, if the Mach number before the shock is set equal to 


MW + Hh WM +h 


VikgRT, 49.04 VT, 


Consider now the second shock, which separates region 2 from 
region 3. Fig. 5(d) illustrates the ¢orresponding transformation of 
velocities. Upon relating w, and w;, one may calculate similarly 
the air properties in state 3 which are those of the leaving high- 
pressure air. By carrying through a number of such calculations, 
with w, = w,, one may ¢raw a curve, such as the line marked 
“normal shock” in Fig. 6, relating the over-all pressure ratio to 
the scavenging velocity, as was required. 

Unfortunately, the preceding analysis cannot be applied to the 
expansion process, since the resulting decrease in entropy cannot 
occur without heat transfer, which has been barred out. Also, 
losses other than those inherent in a shock are not allowed for. 
Focusing attention on the first compression wave separating states 
1 and 2, one may write the first law of thermodynamics which 





a 


states that the change in internal energy plus kinetic energy of a 
system is equal to the heat transferred (aero here) lew the work 


done by the system, as 


‘ ’ 
: : 2gJ : - 


It will be noted that this equation applies to a system comprising 


a unit weight of air and that the flow-work term, pyle m), 4 


nota function of V ariable pressure 


Equation [1] may be rearranged into the form 


(w/VT7 

2oJ 
in which the scavenging velocity wy VW 7), is expresmed asa func 
tion of 74/7; and ps/ p In order to relate these latter two ratio 


one might use a dynamic equation, 
shocks 


which would result in the 
In order to allow for 
hat the 


same solution as that for norma 
the presence of friction or other loaves one thay assure 


flow is polytropic, as expressed by the following equation 


For this case one mas 


cific heats, as 


w,/V 7 
2gJe, 


Purning attention now cond wave, between 


and 3, one may write the of thermodynamicn a 


“ 
( + 7 , ! pil 


Chis rearranges to 


w,/V1 
29.7 


or, for polytropie flow, to 
VT:) (» 
2yJe p 


igainet wm/V 7 
naming 


Curves of p:o/p, against u \ 


iy now be plotted from Equati« marie I, 
slue for u V7 
fwa/V 7; and, a t ‘ er-all pr re Palio Pe/ py, Oa 


eeponding valu 
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It would inter- 
Similarly, a 


ties and would be below it for higher velocities. 
sect the curve marked “n = 1.45” at one point. 
curve for the expansion process would be asymptotic to that 
marked n = 1.4 for low scavenging velocity and would be 
above it for higher velocities, intersecting that marked “n = 
1.35” at one point. In Figs. 9 and 10 the operating curve would 
be in a single line. 

The main weakness of the foregoing analysis, and of the design 
procedure based upon it, is that the expansion waves are not very 
thin, as was assumed, but increase in thickness with time. Among 
the methods for obtaining a more accurate idea of the flow is the 
method of characteristics. This was used to obtain Fig. 8 which 
shows the isentropic expansion of the gas for a scavenging ve- 
locity we/V Ts of 13.6. 
into three equal parts, each being indicated by a dashed line. It 
may be noted that the disturbances in the expanding gas flow 
produce corresponding disturbances in the entering air flow 
Therefore, for an accurate design, it would be necessary to apply 
the method of characteristics, or an equivalent method, to the 
The hydrau analogy (2) might be used 
to study the wave patterns qualitativery. 
me chooses an over-all pressure ratio and makes 


The expansion wave has been divided 


whole flow in the rotor 


If, now, 
suitable assumptions regarding the compression and expansion 
V 7; and 


processes, one find from Fig. 6, values for w; 


we/V 7 
T;/7 


may 
Since w, = we, one may calculate the required ratio 


Fig. 9 shows the results of a number of such calculations, 


N 





°S (77777777 








n Process, as Ostarvnep py a Grapmicat Pro- 
UponJMe THop or CHARACTERISTICS 


EXPaANnsic 
cepuRE Basep 


Fie. 8 


compression and expansion provesses used. 


INTRODUCTION TO THE COMPREX ol 


with each line labeled to indicate the assumptions regarding the 
This figure shows 
that for gas-turbine applications, where 7's/7, must be greater 
than 1, some irreversibility in the expansion process is essential 

a surprising result. 

To show this, consider, for example, the limiting case of isen- 
tropic compression and expansion, and let low-pressure air be 
introduced at any arbitrary velocity. Then the air will be com- 
pressed to the required pressure, as given by the curve marked 
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Since over-all pressure ratio is the 


n = 14 in Fig. 6. the 
same function of seavenging velocity for the isentropic expansion 
as for the isentropic compression, because one process is the re- 
verse of the other, the values of w,/V 7; and we/¥ Ts must be 
Because gas temperature 7’, must 
r temperature 7 (as is shown by the line marked 
It is there- 


the w, = ws, the 


equal the ai 


same. 


Fig. 9, and, consequently, 7 l, 


yuurned im th 


rn. = n,” in 


high-pre assure 


fore apparent that no fuel may be 
all of the air 


ar Equation [8], presented later, shows that 
gain in the comprex; 


which is compressed must be expanded 
result 


the Fig. 10 
In this limiting case, the comprex thus serves to compress and 
the same 


line marked n, = nm, it shows the same 


ind exhausts it in 


state as that in which it entered Phere 
from a cycle in which it occurs without any effect on that cycle 


expand an air stream reversibly 
it may be omitted 


lore 


Consequently, a gas-turbine unit in which combustion may oceur 


only on the high-pressure side of the comprex would not operate 
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A turbosupercharger is a machine which may perform the 
same functions as a comprex, namely, to compress air and ex- 
pand gas without requiring any net shaft power. However, one 
may not mentally replace a comprex by a turbosupercharger, 
because the latter has one more degree of freedom than the com- 
prex. Unlike the comprex, fixing the compressor and turbine 
efficiencies and the compressor entering and turbine leaving 
temperatures does not fix the pressure ratio. A turbosuper- 
charger therefore operates usefully, indeed, most usefully, when 
the flow in the compressor and turbine is isentropic. 

One might inquire how a gas turbine, using a comprex as a 
high-pressure stage, will operate under part load. Some insight 
into this problem is provided by the following considerations: 
If, for example, under part-load operation the volume flow of air 
after compressor A remains constant, the flow velocity c, in the 
inlet port will remain constant. Since 7’ will drop, the ratio 
a/VT, will increase. Because ¢, is proportional to w,, w;/V 7; 
will likewise increase. As shown in Fig. 9, the temperature of 
the gas entering the low-pressure turbine must decrease, and, as 
a result, the cycle efficiency will drop. Therefore, in order to 
help maintain high efficiency under part load, one would attempt 
to have the compressor operate so that the volume flow of air 


entering the comprex decreases, and the ratio ¢,/ +/7, decreases 


slightly as the load decreases. Under such conditions, if the 
flow efficiencies in the comprex did not alter, the turbine-inlet 
temperature could remain fairly This conclusion 
must be modified for a particular case to take into accouut altered 
efficiencies in the comprex, due to its operation under part load 
away from design conditions, and the characteristics of the com- 


constant. 


pressor and turbines. 
Desicn ProcepURE 


The next task, namely, to determine how to design a com- 
prex, requires an answer to the problem of which quantities may 
be chosen arbitrarily. There is no single answer to this question, 
but, in general, to design a comprex for application to a gas tur- 
bine using the foregoing results, one will first choose values for 
I's, T1, Pi, air flow W,, n for compression and for expansion (or 
equivalent parameters), and angles a and 8. Then the value of 
W1/ VT, and hence w,, may be found from Fig. 9, against the ra- 
tio 7./T;. From Fig. 7 one may read the values of p:/p; and 
ps/ps, and from Fig. 6 of p;/p,. Temperatures 7’; and 7, may 
be found from the polytropic relations. The flow velocity c 
and the rotor speed u may be determined by considering Fig. 
5(a) and (b). Thus all state properties and velocities have been 
determined 

The gas flow Ws, which is different from the air flow, is found 
by recollecting the assumption that no energy is transferred to 
the rotor. Consequently, for steady flow 

[8] 


lhe gas flow may also be found by noting that the volume flow 
of gas in state 5 must equal that of air in state 2, or 
WW 


Pe 
Therefore 
Ws 


. (9) 
W [9] 


Equations [8] and [9] have been found to check satisfactorily, 
which is rather encouraging in the light of their totally different 


derivations. Fig. 10, based upon Equation [9], shows that the 
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scavenging velocity, and therefore the over-all pressure ratio, 
is limited if the gas flow is to be less than the air flow. 

Since all fluid properties, velocities, and flow rates have been 
determined, the dimensions of the comprex may now be found. 
The port areas, normal to the axis of rotation, are calculated 
from 


W,T,R 


Pic; cos 8 


{10} 


rm, = 
WTR 
Patz COS & 
WeTR 
Pac, COS By 
WTR WT 
Pele COS Bs WT; ’ 


WT. 
= — "4 [12] 


WT; 


As [13] 


if the flow in the ports is assumed to be uniform. 
By noting that m; + me nearly equals the total circumference, 
and by assuming a value for r/d, one may compute the mean cell 


diameter d, and the radial cell height r. The continuity relation 


[14] 


W, = purl = pywwirm, cos a. 
may be solved for the rotor length L 
mW, COS a nae 
L= = 15 
Ul p2/ p 
These formulas determine all the major dimensions of the com- 
prex. 
CONCLUSION 


While the analysis of the comprex developed here neglects 
a detailed study of the various losses, it is believed that it has 
provided a fairly accurate idea of the restrictions existing upon 
the design of a comprex. In particular, it has been shown that 
fixing values for w, IVT, and n for compression and for the ex- 
pansion (or equivalent automatically 
fixes values for the over-all pressure ratio, ps/pi; temperature 
ratio, 7:/71; and relative gas flow, W./W;. On the basis of a 
preliminary design, obtained as described, one may next pro- 


processes parameters 


ceed to evaluate each loss so far as possible and thereby arrive 
at a more refined design. 

A further investigation of the application to a gas turbine, 
such as described, seems to be warranted 
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Appendix 


The second analysis did not yield the wave velocities g, and 
q: explicitly. In case these should be desired, they may be found 
easily from the requirement that the directions of wave motions 
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shown in Fig. 1 must be the same as those of the absolute wave 
velocities qie and gs, shown in Fig. (a) and (6). Thus for the 
first compression wave 

L qi cos a 


— = . (16 
m—Ltang “sina +4 (16) 


By introducing the continuity relation, Equation [14], one may 
solve for q 


u 


eS 
(p2/pi)u (sin a + cos a tan 8,) 


Similarly 


wou 


oe = 


w,(sin a + cos a tan 8 





Use of an Optical Property of Glycerine- 
Water Solutions to Study Viscous 
Fluid-Flow Problems 


By W. W. HAGERTY,' ANN ARBOR, MICH 


It is a property of certain concentrations of glycerine- 
water solutions, when in a state of steady flow, that the 
planes of equal shear in the liquid become visible in ordi- 
nary light, if viewed along a path tangent to the shear plane. 
This phenomenon has been used successfully to study a 
fluid-flow problem at the University of Michigan. The 
nature and scope of application of this optical property 
is currently being studied further. This report gives de- 
tails of what may prove to be a useful tool in certain phases 
of experimental fluid-flow problems. 


N order to facilitate the description of the property of certain 
concentrations of glycerine-water solutions, for the planes of 
equal shear in the liquid to become visible in ordinary light 

when in a state of steady flow, its application to a particular 
problem will be described. It was desired to study further the 
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secondary motion of a fluid in an annulus in th® case where the 


a cm 1 inner cylinder or annulus wall is rotating about its axis, the outer 











wall is stationary, and the annulus is bounded on the ends by 
fixed planes. Figs. 1 and 2 show the apparatus used in this study 
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oe omit RE He Che inner cylinder is a metal tube of 4!/,in. OD. The outer tubs 


is made of lucite and has an inner diameter of 5'/. in., so the 
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of the Society. Paper No *M-2 as shown in Fig. 3. In this motior 


is a form ot Couette motion 


2 As the speed of rotation of the 
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simultaneously about the axis of the rotating cylinder and about 
the core of the ring vortex of which it is a part. 

3 At relatively high speeds of rotation, the vortex motion 
becomes unstable, and the motion becomes generally irregular or 
turbulent 


EXPERIMENTAL Work 


G. I. Taylor solved the problem, theoreti- 
cally and experimentally, of determining 
the critical speed at which the vortex 
motion first appeared.? He also established 
its initial form and reported his observations 
on the changes in the form of the motion as 
the speed of rotation of the inner cylinder 
The specific object of the 





was increased. 
recent study was to learn more about the 
stability of the vortex motion and to deter- 
mine the effect of the fixed end planes with 
an annulus of short axial length.’ 

A typical observation is made by causing 
the inner cylinder to rotate at a speed below 





that speed at which the secondary motion will 
develop. The fluid then moves with Couette 
motion. The speed is then slowly increased 
until the first evidences of secondary motion 
appear as shown in Fig. 4. The speed is then 
held constant while the development con- 
tinues asin Figs. 5, 6, and 7. The particular 
vortices shown in these illustrations are the 
second and third from the top in Fig. 3. In 
this case the second vortex will develop more 
rapidly than the third due to its proximity 
to the end plane. Farther the 
plane, all vortices develop at more or less the 
Fig. 4 shows the initial phase of 
the development of the flow. It 
should be borne in mind that the thickness 
and that eventually 
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same rate. 
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Fic.3 Patrern 
OF SECONDARY : 
FLow, SHOWING of the annulus is °/s in 
4 3-Parr System the 
or VortTices 
(Moving wall is on 
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vortices will be 
the 
The developed vortex shown at the 


top in Fig. 4 was due to the presence of the 


approximately square 


Initially disturbance is of a random 


nature 
end plates. This vortex was caused by the boundary conditions of 
the problem, and is a disturbance of a different nature from the 

After a time one of the disturbances will 
Fig. 5 
position but does not represent a de velopment of any of the par- 


one under discussion 


develop as shown in This view was taken at the same 


ticular disturbances in Fig. 4. However, it represents the next 
stage in 
Fig. 6 shows a later stage in the development 


the development of a vortex 
The top vortex 
has developed from the disturbance, and by its motion has caused 
the adjacent fluid to start the vortex motion, rotating in the 
opposite direction. Fig. 7 shows a late stage with both vortices 
about fully developed. Fig. 8 shows an intermediate stage of 
development of vortices some distance from the end plane. It 
can be seen that they are about equally leveloped and that ad- 
jacent vortices are rotating in the opposite sense 

The lines which appear look something like the lines which 
result from an imperfect mixture of two liquids having different 


indexes of refraction, such as glycerine and water, or alcohol and 
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Cylinders,"’ by G. I. Taylor, Philosophical Transactions of the Royal 
Society of London, series A, vol. 223, 1923, pp. 289-343 

*“A New Factor in the Design of Hydraulic Seals,” 
Hagerty, Proceedings of the National Conference on 
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GLYCERINE-WATER SOLUTIONS 


AND VISCOUS FLUID-FLOW PROBLEMS 


Fie. 4 Ixrrtat DeveLorpmMent oF Seconpary Morton 


Moving wall is on left side.) 


lines to be readily visible, the solution 
The clarity of the 
lines increases with the glycerine concentration, at least up to 95 
per cent glycerine. To obtain higher percentages of glycerine, 
the experimental apparatus must be protected against exposure 


water In order for the 


should contain at least 70 per cent glycerine. 


to the atmosphere. Due to its strong hygroscopic action, the 


glycerine will absorb about 4 or cent. water from the air. 
The kinematic 


20 times that of a 70 per cent concentration, so this is a useful 


) per 
viscosity of a 95 per cent concentration is about 
range of values 

The 
speed of rotation of the ring vortices 
lines become increasingly finer and more numerous, and finally 


number of lines observed seems to be proportional to the 


With increasing speeds the 


they become so close together that they no longer can be distin- 
guished separately by eye. A. ually, hundreds or thousands of 


lines are seen, but the clearest are those normal to the line of 


vision. As one moves about the annulus at the same elevation, 
the picture does not change, since the disturbance is independent 
of angular position. Additives in the liquid: obscure the lines, so 


the solution should be as clean as possible 
Visreiuity or Lines or Epces or Planes 


It is not known at this time just why the lines or edges of planes 


are visible. Several different concepts have been considered 
Some of these have been rejected and some are still being con- 
sidered and studied. The principal ideas that have been enter- 


tained to date follow: 
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(Note adjacent vortices are rotating in opposite sense 

1 The first thought was that the axes of the glycerine mole- 
cules became oriented in some regular manner due to the steady 
The appearance ol the lines could then bx 
When 
this was investigated, it was found that the length of glycerine 
Water and 


olecules apparently do combine in certain proportions 


nature of the flow. 
explained by double-refractive properties of the glycerine 


molecules is too short to affect the visible light waves 
glyce rine m 
to form molecular chains, which are no doubt longer than single 
glyce rine mok cule Ss The manner of formation of the se chains 
seems to be somewhat obscure, but the best inforination that has 
heen received is that these chains are not long enough for their 
orientation to produce a visible effect. 

2 It was found rather early that the lines appeared to be 
clearer if the background was a bright surface which reflected sun- 
light. This led to the idea that the light was partially polarized 
Apparatus similar to the optical benches used in photwelasticity 
was set up to test this idea. No improvement of any kind was 
noticed with any arrangement of polarizing screens and lights 
that could be trie d 
as the double refraction of Canadian balsam, for example 


Apparently this phenomenon is not the same 
3. The lines were viewed using Schlieren apparatus, but no 
improvement was noticed 


4 It 


when the mo 


was observed that the lines becanw fainter with time 


tion is continued in steady state for periods of 5 to 


30 min, depending upon the speed of rotation. At very low speeds, 


when the secondary flow just appears, the lines are clearly visibie 
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for longer periods than at high speeds. This gave rise to the idea 
that the lines were due to thermal gradients which decrease with 
time due to thixotropic behavior of the glycerine-water solution. 
When the solutions used were tested in a viscosimeter, they did 
exhibit a mild thixotropy in that the viscosity decreased about 
This did not account for the 
eventual complete vanishing of the lines. In addition, several 
oils of equal or greater viscosity and with about the same specific 
heat were tested in the annulus, but nothing could be seen in any 
Therefore the phenomenon did not seem to be 
due to thermal gradients alone 

5 Another observed fact is that when the rotation is suddenly 
stopped and the whole system is at rest, the lines are still visible. 
After a time they become irregular and sink very slowly as 
though by gravity. To explain this, it was thought that the 
fluid motion produces an actual separation of the water from the 
glycerine, and that the lines are due to the difference, in the index 
of refraction, of the pure glycerine from that of the glycerine- 
water solution. It has not been possible to make a critical test 
of this motion by using absolutely pure glycerine. Due to its 
hygroscopic property and to the open construction of the test 
apparatus, the glycerine used thus far has always had some water 
in solution. In addition, the entire notion of separation seems to 
be weakened somewhat, since the visibility of the lines improves 
with increasing concentrations of glycerine. This means that the 
contrast between the refractive index of pure glycerine and that 
of the glycerine-water solution would be rather slight. Another 
critical test yet to be made is to conduct the test with the machine 
on its side to see whether the lines still sink in the direction of 
gravity. Brief tests with other containers indicate that such is 
the case. 


5 per cent under continuous testing 


of those tested 


TECHNIQUE FOR Stupyino Fivip Flow 


At the present time, the polarized light and Schlieren tech- 
niques have been abandoned, at least temporarily, but the other 
ideas listed are being studied. The technique now being used to 
study fluid flow is to provide a diffused indirect light so that the 
lines may be viefved against a white background which is bright 

The light is directed against a screen of 
and the observer or camera is then normal 
results are also obtained by back- 


but not shiny, Fig. 9. 
ordinary white vellum, 
to the screen Satisfactory 
lighting the vellum 

From the illustrations shown it is evident that this technique 
has been very useful in the study of this particular problem. It 


is believed that this method may help to obtain the shear pattern, 
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in many cases, of steady flow. For example, in the case of rotating 
cylinders, the effect of the corners on the Couette motion is 
clearly visible. It is also possible to see the effect of the velocity 
discontinuity where the inner rotating cylinder and the fixed 
end plane are very close together. 

Furthermore, it may be possible to do some useful work in 
boundary-layer studies. It may show the exact state of flow 
or the laminar boundary layers, and the development of instabili- 
ties in the boundary layer. Where the flow near the boundaries 
is observed, however, the number o 
They are 


lines increases as the ve- 
locity gradient increases. then more difficult to dis- 
tinguish separately It may be necessary, therefore, to devise 
fairly elaborate equipment such as is used to determine the so- 
called surface stresses in three-dimensional photoelasticity 

It is believed that the relation between the velocity gradient 
and the spacing of the lines can be calibrated from known laminar- 
This would then be a quantitative method 
include the 


flow configurations 


a qualitative one. Such known flows 


as well as 
Couette motion in the case of long 
pipes, and flow around a flat disk due to its rotation about its 


vlinders, Poiseuille flow in 
axis 

The residual pattern may also be useful. When small balls 
and sticks are dropped or moved through a body of the givcerine- 
water solution, the disturbance is visible and lines remain after 
the motion has ceased 

Apparatus to study flow around objects of various shapes and 
to study boundary-layer separation i 
Only preliminary tests have been made, but these indicate that 


now being constructed 


the flow pattern does become visible when the motion is steady or 
when the changes take place slowly. The latter is the case when 


critical speeds are approached with care 
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CONCLUSION 
When a glycerine-water solution is in a state of steady rate of 
shear or slowly changing rate of shear, lines appear in the liquid 
which show the flow configuration. The number of lines ob- 
served on each area is proportional to the rate of shear in that 
area. 
Ap explanation of why the visible lines appear should agree 


with the following observations: 


1 The lines appear in ordinary daylight, without additives 
in the fluid. The appearance is not changed by the use of 
polarized light or by the use of the Schlieren technique 

2 The number of lines increases as the velocity gradient in- 
creases. 

3 The lines become fainter with time as the status quo ot the 
fluid is maintained. 

4 Where motion is suddenly stopped, the lines are still visible 

5 The residual lines gradually diffuse, as if by molecular ac- 
tion and sink downward very slowly as if 

An adequate explanation should aid in devising a technique 
and apparatus to bring the lines out to maximum clarity. The) 
could then be magnified and thereby separated for cases with 
high velocity gradient. 

This may prove to be a quantitative method of flow measure- 
ment as well as a qualitative method. The method may be 
brated by studying flow configurations which already have been 


by gravity 


cali- 


solved theoretically. 
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Holzer Method for Forced-Damped 
Torsional Vibrations 


By T. W. SPAETGENS,* VANCOUVER, B.C 


The 
a torsional system are easily enough determined by the 
well-known Holzer methods, in the case where the only 
major damping influences available in the system are 
those of the prime-mover itself, or of the propeller, in the 
case of a propeller-propulsion system. Where a damper 
exists within the system, the classic solution confines it- 
self to the determination of the re 


resonant-vibration 


forced and 


nant-vibration char- 
acteristics under optimum damping conditions, and util- 
izes the principle of energy balance in conjunction with an 
equivalent system. The problem of forced vibration in a 
system having a damper is not susceptible, however, to 
such simple treatment regardless of whether or not the 
damping is optimum. This paper outlines an exact 
method, whereby both the forced- and the resonant- 
vibration characteristics of a viscously damped system 
may be calculated for any existing damping condition, 
optimum or otherwise, utilizes the ever- 


and which 


popular Hoizer form. 


INTRODUCTION 


Hi mventional Holzer sods for treating free and 


forced vibration problems are well known. These conven- 

tional methods are applicable only to those systems where- 
in the damping effects are small enough so as to have no ap- 
preciable effect upon the natural frequencies and the vibrating 
shapes of the systems. As Den Hartog and Li point out,’ in most 
practical systems having only inherent damping, the vibratory 
shapes, and the natural frequencies (as determined by free vi- 
bration 10t affected appreciably by this inherent damping 
and thus the widespread use of the conventional Holzer methods 
for the treatment of these practical systems is justified 


NOMENCLATURE 
Ihe following nomenclature is used in the paper: 


nertia 


moment of 


frequency 


' After the author had investigated the problem of forced-damped 
torsional vibration, a rough draft was submitted to Prof. J. P. Den 
Hartog who commented kindly and pointed out that a similar devel- 
opment was shown in the book “Die Berechnung der Drehschwing- 
unger by H. Holzer, J. Springer, Berlin, 1922. However, not 
knowing of an account of this important problem in English literature 
the author feels that presentation of his investigation may be of in- 
lly so since the Holzer book appears to be virtually 


terest. espe 


possible to 
Vivian 


2 Str Vibration Analyst 


Ltd 
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bore rslor Vibrations With Damping An Extension of 
Holzer’s Method,"’ by J. P. Den Hartog and J. P. Li, Journat or 
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characteristics of 


torsional amplitude 

harmonic foreing torque 

m/10° 

torsional spring constant 

lmaginary unit 

phase angle 

torsional damping coefficient ( general 

“inner’’ (mass to mass) torsional damping coefficient 
“outer’’ (mass to ground ) torsional damping coefficient 
subscript, mass number 


For torsional systems wherein the damping is derived chiefly 
from extrinsic sources of appreciable magnitude, the well-known 
Holzer methods no longer apply. Examples of such systems are 
those employing dampers and those in which the power trans- 
Den 
Hartog and Li’ have discussed this and have shown the develop- 


mission is affected by hydraulic or by electrical couplings 


ment of an extension to Holzer’s conventional method whereby 
it is possible to treat systems which have large extrinsic (viscous) 
damping forces. In the case of a system with unequal discrete 
this 
method will permit the determination of the damped natural fre- 
and the 


masses (most of the practical systems fall into this category 


quency amplitudes of the various masses (vibratory 
shape), where there is a forcing torque applied to one end of the 
system 

By utilizing this extended type of damped Holzer table and by 
introducing into it, in complex fashion, the harmonic forcing 
torques at the various masses (corresponding to the various cyl- 
inders of the prime mover under consideration) the author has 
found that the foreed-vibration characteristics of a viscously 
damped system of any configuration can be determined com- 
pletely. Since such a Holzer table contains the damping effects 
as well as the forcing effects, it c.n be used for the determination 
of the absolute amplitudes at all forcing frequencies, including 
the damped natural frequency, and the peak amplitude thus 


found indicates the value of the damped natural frequency 


Tueory 


In the paper* by Den Hartog and Li it that 
damping of a viscous nature is present in a system, the equations 


is shown when 
of torsional motion for the damped system differ from the equa- 
tions of motion for the undamped system in that J,w* jul, 
replaces J,w*, and K, + jwC,; replaces K,, 
the nth 
‘ground”’ and C,, is the (inner) damping coefficient bet 
nandn + 1 


where Cx, is the 


(outer) damping coefficient between mass and the 
een the 

Hence these substitutions can be carried 
Holzer table, 


thereby becoming complex 


MASSES 
into the undamped eome of the computations 
As already inferred, it is only In 
those cases where the viscous damping torques are of such mag- 
nitude as to affect the natural frequency and vibratory shape of 
the system that these substitutions must be made 

In the more usual case, where the damping is not of sufficient 
magnitude to affect substantially either the natural frequency or 
vibratory shape, the free steady-state vibratory motions of the 


various masses are harmonic and in time phase with one another 


Therefore the inertia torques of the various masses are in phase 


and when adding harmonic forcing torques (which are in phase 
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or antiphased with each other) to the system, we compound them 
algebraically with the inertia torques because, for a system with 
zero damping, force and motion are either in phase or are anti- 
phased. When the forcing torques are not in phase at the 
various masses, a time dimension enters into the Holzer compu- 
tations. Here, the forcing torque system is broken down into sine 
and cosine (quadrature, in time) components. The effect of these 
component force systems upon the corresponding sine and cosine 
motions is computed; remembering that there is either 0-deg or 
180-deg phase angle between component torque and component 
motion so that here again the various Holzer table entries are 
compounded algebraically. Such a computation has been 
shown by Porter.* 

When there is appreciable damping in the system, however, the 
motions of the masses are not in time phase even for “major” 
orders of excitation. Also, the component forcing torques at 
each mass are no longer in phase or antiphased with their respec- 
tive components of motion at each mass, due to the damping 
Thus it is that the conventional Holzer methods described thus 
far will not treat the forced-damped torsional-vibration prob- 
lem. Since the phase angle between torque and motion, for 
damping, is neither 0 deg nor 180 deg but rather is an unknown, 
the harmonic forcing torques must be expressed as complex 
numbers in terms of this unknown and must be entered into the 
Holzer table as such. The Holzer table, it is noted, is already 
complex in nature due to the quadrature stiffness term of the 
damper. 

Fig. 1(2) shows a simple single-mass system acted upon by an 


external damping torque C(d@/dt) 





(a) 


Forcep-Damrpep Torstonat System Wit Cor- 


RESPONDING VecToR D1AGRAM 


Fie. 1 Simpre 


and by a harmonic forcing torque m, sin (wt The differ- 


ential equation of motion for this system is 


d* , db . 
\ tia 
dt? dt 

Fig. 1(b) is the vectorial representation of this equation The 
solution is a sine wave (@ = 0, sin (wt + 90)], and the four torques 
of the foregoing equation are sine waves. The three torques 
on the left side of the equation are separated from each other 
by a phase angle of 90 deg since one differentiation of a sine wave 
results in another sine wave ahead of the first by 90 deg. 

In a multimass system, a vector diagram, somewhat similar to 
that of Fig. 1(>), applies to each mass of the system. The dia- 
gram is of course different for each mass in that the vectors 
change in magnitude and phase; also the expressions for restoring 

«Mechanical Vibrations,” by J. P. Den Hartog, McGraw-Hill 
Book Company, Inc., New York, N. Y. third edition, 1947 

* “Evaluation of Effects of Torsional Vibration,”” by the War Enai- 
neering Board of the SAE, New York, N. Y., 1945, pp. 226-229 
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torques of the shafts become A(@é, On+ If the damping ex- 


ists “between” the various masses, then Cw8, becomes Cu(@, 


On+1). 
mass at which they act, that is, if we are considering an engine 
with identical cylinders, but the phase angle ¢ will remain the 
manner wl 


The harmonic forcing torques remain constant at each 


same only for a major order of excitation. The 
which the vector diagram changes from mass to mass is 


in reality, the 
table. 


physical concept of the two-dimensional Holzer 


APPLICATION 


The author first had occasion to investigate the problem of 


forced-damped torsional vibration while analyzing the vibration 
characteristics of a certain 10-cylinder Vivian marine Diese!- 
engine design. It was apparent, despite numerous attempts to 
retune the system and alter its vibratory 
5th order critical existed only some 10 per cent above 
The forced vibratory shear stress (nomi- 


hape, that a very serious 
the maxi- 
mum operating speed. 
nal) set up in the crankshaft by this critical (calculated by the 
conventional Holzer method for forced vibration with ze 

ing) at the maximum operating speed was 9000 psi, w 

was 24,000. A Houdaille-Hershey 
“applied” to the system, and the ecaleculats 


resonant stress 
damper was then 


resonant stress was lowered to 7000 with the peak of the dampe 


| 
I 
} 


critical now at some 8 per cent above the top operating speed 
Since we consider that 4500 is about illowable 
vibratory stress (for continuous running 

crankshaft of this particular design, it was very important in this 


the maximum 


for the 10-cylinder 


in advance the behavior of the viscous 
Accordingly, the type of investi- 


particular case to know 


damper away from resonance. 
gation shown here was made 
In order to illustrate the application of the theory in a brief 


manner, we will consider a fictitious 3-cylinder Diesel generator 


unit for which it is required to find the third-order vibratory am- 


plitude at the front fly wheel for a sp ed range of 675 to 725 rpm 


for the case where the unit is undamped (that is, where inherent 


damping only is present), and also for the case where a viscous 


damper is installed. 
nai 


For simplicity, the harmonic torque, m, is considered to re 


| 


constant over the entire speed range under consideration. Torque- 


curve analysis has not been made for the model of engine used in 
An- 
used instead, 


this illustration, and the torque harmonic coefficients of 


driola,* which are well-suited to this engine, are 


although any other source of coefficients might h en 


used 


"($213.05 
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STIFFNESS UNITS, LB-IN/RADIAN 


EQvuIvALENT Exvastic System or INDER Dreser-Gen- 


ERATOR UNIT 


Fic. 2 


since the problem is fictitious. Inherent damping in the un- 
damped system is calculated by the formula of Lewis and Porter.’ 
The equivalent elastic system is shown in Fig. 2. 

* “The Problem of Flywheel Effect and Speed Regulation for 
Diesel-Engine-Driven Machinery,” by A. D. Andriola, Trans 
ASME, vol. 60, 1938, pp. 119-12! 
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SPAETGENS—HOLZER METHOD FOR FO 


TABLE 1 FREE VIBRATION HOLZER—FIRST MODE; w* = 51,700 
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(a) Undamped Case. The natural frequency of the first-mode 
vibration is 2170 cycles per min and third-order resonance is at 
723 rpm 

m = m,.A.R. = 1220 Ib-in. allowing for inertia 
Damping = 2,386,000 @,*-* 


1220 X * X 0.641)" 
_ 2,386,000 


= 0.0050 radians at F, 


from which 


TABLE 2 FORCED-UNDAMPED VIBRATION OF THIRD ORDER 
AT 690 RPM; w* = 47,000 


I]! e |Iu*e/of =r ‘o| TWIST 
10] 5.170) 1.000 5.170 5.170 |Is 396 
7 604 -O71 5. 241 + 9n}16-60) 317+. 
“117 |-287-. 06lar “ 5.275¢ 16 320+ 
117 }-033- * 27192-9721 12 415 +234m' 
10 | 5-170 . 951+822 m 
3. 
m’= mS 
0.642 X 1220 
10° X 1.186 
== 0.00066 radians at F, 


From Table 2 @at 690 rpm = 


Several tables similar to Table 2 were computed to give the 
undamped amplitude-speed curve shown in Fig. 4. 


(b) Damped Case. Fig. 3 shows the application of a viscous 


RCED-DAMPED TORSIONAL VIBRATIONS 


C=10,000 ~2. in/r/s 
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Fig. 3 Appiscation or Viscous Damrer to System or fi 


damper to the front flywheel. The damper mass, D, becomes part 
of the dynamic system, and thus the damping of the interconnect- 
ing fluid is C,; (inner). While it is possible and sometimes pref- 
erable to calculate the simultaneous effects of both inherent and 
external damping by use of the forced-damped Holzer table 
nevertheless the effect of the inherent system damping is neg- 
lected for now (Table 5 displays the computation for inherent 
damping), since we are interested primarily in speeds other than 
damped resonance. However, even at damped resonance, the 
effect of inherent damping is small compared to that of the 
damper. The “spring” stiffness of the damper-flywheel connec- 
tion is zero so that when K is replaced by K + joC,, we have 
0 + jwC,; The complex expression for the harmonic forcing 
torque m of Fig. 1(5) is 


m cos (180 @) + ym sin (180 — @) 


where @ is the phase angle between m at No. | cylinder and the 
damper torque. The foregoing expression simplifies to 


m cos @ + jm sin } 


for any quadrant. 

Table 3 has two unknowns, the amplitude @ and the phase 
angle @ The two equations necessary for «a solution are made 
available by setting both the real and imaginary components of 
the end torque equal to zero, from which we obtain 

0.235 @ ’ 

cos @ = = —4).341 6/m 

0.689 m 


0.459 @ ; 
= = 0.000 6/m 
0.689 m 


TABLE 3 FORCED-DAMPED* (EXTERNALLY) HOLZER TABLE; THIRD ORDER AT 695 RPM; w* = 47,600 
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0.341 = 
0.00122 x 
0.341 


tan @ = 0.666 1.955 @ = 117° 05’ 
m cos @ 


0.341 


0.455 . 
, = 0.00163 radians 


Amplitude at the front flywheel is 


V1 + (0.437)? * 0.00163 = 0.00178 radians 
Kight foreed-damped Holzer tables, similar to Table 3, were com- 
puted to obtain the damped amplitude-speed curve shown in 


Fig. 4 
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det 


amplitude at the damped natural frequency 


O’Connor has developed a method o mining the resonant 
forad amped system 
uch as we are dealing with. It is of interest to know how well 
the amplitude thus obtained agrees with that (0.00178) obtained 
33! of O’Con- 


by the damped-Holzer calculation. Equation 


nor’s paper is given as follows 


where 


/ damper-mass inertia (= 20 
(frequency )* of undamped engine ( = 51,700 
>/6* from free Holzer table (1 180.3 
work input inherent damping work 


damper-housing amplitude at damped resonance 


Since we have neglected inherent damping in our work so far 
2460 @ we obtain 0.00160 


with the 


W, work input Solving for @, 


udians The agreement of this value exact value of 


0.00178 radians is fair enough since the O'Connor equation is 
accordance 


1200 


rethe optimum damping condition which, in 


Equation [27]), is calculated to be 


‘onnor’s worl 


b-in dians s¢ while the 


actual damping coefficient used 


10,000) is considerably greater An additional reason for the 


value of 0.00160 being lower is t itis based on a free Holzer table 


of the first-mode vibratio i, erefore, includes only first 


“The Visc« 


E. O’'Cont 
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1947, pp. 8 
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mode effects, while the value 0.00178 obtained by Holzer 
putation necessarily includes the effects of all possible modes 


com- 


of torsional vibration, as influenced by the third order 

In passing, it is noted that while the mathematical properties 
of the common-point frequency are such that a system having 
the optimum damping can be solved for the amplitude and vibra- 
tory shape at damped resonance with fair accuracy by manipula- 
tion of the system’s free-vibration characteristics, a system wit! 
either considerably more or considerably less damping can be 


solved accurately only by the foreed-damped Holzer method 


which provides us with not only the flank but also the peak of the 
damped amplitude-speed curve 

natural tre- 
I p/2 


value of 


If we define the common-point [requency 4s the 


quency of a system having a front-end inertia of Jp, + 


= 120), we obtain for the common-point frequency a 


706 rpm for the third order, which value is identical with that 


found from the intersection of the curves in Fig. 4 


Orner CONSIDERATIONS 


Computing the forced-damped amplitudes for a “minor” ordet 


of vibration involves some complexity. For purposes of illus 


tration the first-order damped amplitude will be calculated at 


695 rpm With cranks at 120 deg, the expressions for the gas 


torque harmonics of the first order are 
m cos @ + jm sin @ for No. 1 evlinder 
60) for No. 2 evlinder 
60) for No. 3 eylinder 
Holzer cor 


m cos (@ 60 jm sin (@ 
m cos (@ + 60 ym sin (@ + 


For greater ease in execution of the iputations the 


following substitutions are made 


m' cos @ 1. m », m' Cos .o 60 B., 


o 60 


sin @ 
B , ete 
lable 4 shows the first-order foreed-damped calculation 
equating the end-torque components to zero and simplifying, we 
get 

1.483 6 0.048 nr 
0.207 6 


0.088 m’ cos @ + ng =U 


0.088 m’ sin @ D.04AS > cos ¢ 0 
from which 


@ = 0.059 m’ cos ¢é —0.032 m’ sin ¢ 0.425 n 

0.232 » 
2500 Ib-in., tan @ 3 ¢ 50° 14 
0.059 & 0.0025 


0.000166 radians 


where » 


0.935 0.0025 0.354 


At the beginning of this paper it 
tical systems having inherent damping ly, the 1 tory shape 
ippreciably by 


truth 


is determined by free vibrations is not 


this inherent damping. It will be of intere show the 


of this statement by applying the forced-damped Holzer method 


to the equivalent system of Fig. 2, and cor paring the vib 


shape thus determined with the free vibratory shape a 


mined by Table 1 in conjunction with energy bal 


db Holz 


several V 


the system by the damped-forece 


» treat 
necessary to consider that there 
torques ¢f ym the system ¢ » lO ion 
masses, ° se damping torques will be conside1 
each of the three cylinder center lines (Shannor 

f suct 


0.0050 


herent-damping phenomenon on such a basis nd be o 


magnitude as to result in the fror > mplitude of 


radian «as ilculated by energy balance tule the inherent 


damping is not totally linear or viscous ir vibra 


tory shape obtained by considering it as suc ar to 


the true vibratory shape 


Inherent damping per cycl 2460 0.0050 


t 





SPAETGENS 


TABLE 4 


HOLZER METHOD FOR FORCED-DAMPED TORSIONAL VIBRATIONS 


FORCED-DAMPED* (EXTERNALLY) HOLZER TABLE; FIRST ORDER AT 695 RPM; w* = 5290 





lu* io” 


6 € TORQUE 


Kot 


TWIST 





20.0} - 


10686 


10686 


orj 


727 —146j)0 





10}. 1.0006 +.146j9 


5820+.085j@ 


‘6866 +.085j9 


13.05 


0530 + 006\6 





2.50 9476+.140j0 


01286 +-002j)6 


‘7008 +Ac 
+j(-0876+As) 


1650 


0420 + 061Ac 
+j(0056+ -O61 As) 





9056 - 061 Ac 


250 +j(1356--061As) 


-O120-.001 Ac 
+j(0026-.001 As) 


7120 +.999Ac-B¢ 
+j(0890 +-99945-85) 


1650 


0435O6+.061Ac-.061Be 
+j( 005 +.061As--061Bs} 





2.50] .c13 | 862O~'22Ac +061 Be 


+j (1306-122 As +.061Bs)) 


O11G-002Ac +.001Be 
+}(.002 @-.002 As +001 Bs) 


‘7230 +.997Ac-999 Be-Ce 


+0918 + 997As--99985-cq '* 


057G+ 07BAc- 0798 -O79C< 


70 |. L007+01BAs-0798,-07968 





110 


BO5Q-200Ac+140Bc*.079C¢ 
1 (23 -200A+140B5% 079s) 


469Q-.116Ac +.081B¢+046Cd 
+(O71G- NG As+ 0818+ 04669 


LIS2O+8B1Ac- 918 Bc ~ 954Ce 
+ 162G4BB1As-918Bs -954Cs) 


36.70 


O32Q*.02 4A -025Be- O26Ce 
+H 004+ 024As- 0250s 





773Q-224Ac+.165B¢*.105C¢ 


710 +)( 119 224Ag 16 SB5*.105C 


376 

















291@ 084A *.0628;*.040C¢ 
(049-0845 +062 Bs*.040C9) 


| 483O+.797Ac-856Be--914Ce 
+ j(207 +79 7As -856Bs ~914Cs) 

















joGgrin78-762-010 


m = 2500 LB.IN. 
> EXTERNAL DAMPING ONLY 


TABLE 5 


FORCED-DAMPED* 


m(e.) 
* 
Cw? 


INHERENTLY) HOL 


ZER TABLI 


rHIRD ORDER AT 723 RPM 





lif 8 


lw*O/F 


£ TORQUE/\f 


nme 


“S 


TWIST 





ze@o 
Time 
Ona st 


5.67 10008 


5.6709 


56706 


13.05 .43550 





129-Allj 56590 


0736-.232j9 


m’‘Cosd 
kjym’Sin D 


5.7430 + m’ Cos 
+j(-232Q+m’ Sin > 


3486+.06im’ Cos) 


16:90! .\6014@ +.06in" Sind 





217Q-.06 1m’ Cosh 


s29-4Nj +j(014G-06Im’ Sin > 


0346 ~008m’ Cos-025er Sind 
H}-087G- 008m’ Sind) + 025m Cosd) 


mCoso 
aym’Singd 


5.777Q+1.992m’Cost)-025 Sin 


+ 319Q+1992 m'Sind+ 025m Coss 


3500-12 im‘Cos-COim'Sin > 
jr) 019G+.:21mnSind*.001m'Cos > 





-133Q-182mCosh+ 00Im’Sing 


129-4i\j | (033Q-182m'Sing-OOlmCos 


-004Q-024m'Cosh-075m'Si 
+ (059Q-024 mn Sind+075m 


mCos 
+jm’Sing 


5773Q+2.968m Cosh: 100m'Sing 
} 6 260G+2 968m ‘Sin 100mCos 


455G+ 234mCosh-008m'Sing 
hf-020G+.234m'Sind008mCosh) 





-568Q- 416 mi Cosh+009m'sind 


567 | (053@-4iGm'Sing-O09m'Cos 


-3.33Q-2. 360m'Cos+05ie'S 
+(300Q-2.360m'Sing~05im 


2443Q°608m'Cosh-049m%i 
hi 040Q+608m'Sin+049mTosh 


06 7Q+.01 7m’ Cosh- 001m'sin 
(001Q+017m’Sing.00imTos > 





nol] 366 - 655Q-433m/Cosh+.010m'Sind 
: hj 052Q-433m'Sing-O1Omtosp) 











-24008-1.59mr'Cosd>.036er' 
MK (90Q-|.590m'Sin)-O36m' 


.043Q-.982m’Cos)-013m' Sing 
} (230G-982m'Sinhe.01SeriCos 























je Cof f= 2270* 1810/08 = 411 


Ve INHERENT CAMPING ONLY 


therefore 


rABLE 6 RESONANT 
AN 


By energy balance 
By forced-damped Holzer 
Difference, per cent 


> 6,” from free Holzer Table 1 = 0.0000960 


n=l 


whence C 


1810 in-lb per radian per sec 


mes 
# 
or, 
Cw INnO@ENT 
VIBRATORY SHAPE 
D BY FORCED-DAMP 
Fy l 
0.0051 0.00288 
0.0051 0.00288 
0 0 


S AS DETERM 


0.00109 
0.00110 
1.0 


from Column 3 of Table 5. 


ED HOLZER 


0.009070 
0.00072 
2.9 


INED BY 
METHOD 


2 


ENERGY BALANCI 
a 
 OO485 
) 00345 
2.3 


Po 
). 00302 
) 00308 
2.0 


Using 0.0051 as the value of @ for 


both methods, the vibratory shapes may be compared as in Table 


0 


The percentage differences, for equal amplitudes at the front 


The damping coefficients are effective between the three cylin- 
der masses and the “ground,”’ which in this case is the engine 
Consequently, the proper substitution in the damped- 
jo, for Iw* 


frame. 
Holzer table is Jw? 
in Table 5 

By equating the component end torques to zero and simpli- 


The computations are shown 


fying as before, we obtain 


¢ 80° 11’ 
@ = 0.0051 radians 


The absolute amplitude curve (vibratory shape) is obtained 


fly wheel, are shown to be of negligible extent for the practical] solu- 
tion of vibration problems. For purposes of research work on 
the inherent damping problem, where it is in order to assess the 
damping effects at resonance very accurately, the use of the more 
exact vibratory shape may be warranted. 
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A Comparative Study of Some Variational 
Principles in the Theory of Plasticity 


By RODNEY HILL,' SHEFFIELD, ENGLAND 


The variational principle of Markov for velocity dis- 
tributions in a plastic state is extended to a work-harden- 
ing material and to more general boundary conditions. 
A relationship is shown to exist between Markov’s prin- 
ciple and the maximum work principle of Hill. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


éj stress tensor; ou, ox, os; are the normal stresses in the 
direction of the co-ordinate axes 2), 2, 23, correspond- 
ing to ¢,, ¢,, 7, in the usual notation; o1, o2, 3 
are the shearing stresses, corresponding to 7,,, Ty», 7 
deviatoric part of the stress tensor 
stress intensity 
strain-rate tensor; éy, é:, és ate the normal strain 
rates, but éy, és, é are half the engineering shear- 


. 2 A 
strain rates, corresponding to 5 Yew ete. 


strain-rate intensity 
components of velocity 
= direction cosines of outward normal to a surface 
= external stress components acting on a surface 
factor of proportionality in stress-strain relations 
yield stress in shear 
elements of surface and volume, respectively 


INTRODUCTION 


Recently several variational principles, and corresponding 
uniqueness theorems, have been established for certain boundary- 
value problems in the theory of plasticity. These may be classi- 

namely, (a) those which apply to a 
2):* and (6) those which apply to 


fied broadly in two groups: 
plastic-elastic material (1, 
the elastic component of 
should not be taken 


boundary-value problems are un- 


a plastic-rigid material (3, 4), where 


strain is disregarded 


This classification 
to imply that the respective 
in general, be regarded 


is allowed to 


related, must, 


since the plastic-rigid bod) 
as a plastic-elastic body in which Young’s modulus 
infinitely great value. The interesting question of 
the precise nature of the relationship will, however, not be dis- 


with 


assume an 


cussed here, the present paper being concerned solely 
boundary-value problems appropriate for a plastic-rigid mate- 
rial 

Two variational principles, apparently very different in char- 
acter, have been proved by Hill and Markov for a nonhardening 


' British Iron and Steel Research Association, Metal Flow Re- 
search Laboratory 

* Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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plastic-rigid material obeying the laws of classical plasticity and 
undergoing loading everywhere. For convenience, the proofs 
are repeated here, Markov’s original proof being appreciably 
shortened and, at the same time, extended to more general 
boundary conditions and to a work-hardening material. The 
theorems are then expressed in a form such that the connection 
between them becomes apparent. It is finally shown how both 
can be applied to the proof of the uniqueness of solutions under 
certain boundary conditions. 


Principe or Maximum Piastic Work 


Consider a plastic mass in quasi-static equilibrium, no element 


of which is being unloaded. Each element is supposed to be 


stressed to the vield point, according to the law of von Mises 
2k? {1}? 
where k is the yield stress in shear, and «,,’ is the deviatoric part 
Stress k may vary throughout the mass 
but is regarded 


as specified at each point at the moment under consideration. 


of the stress tensor ¢,, 
(because of different previous strain histories), 


The plastic stress-strain relations are taken to be those of Lévy 


and von Mises 


1 


2 \or, 


where 4,8 the tensor representing the rate of strain, u; is the flow 
velocity, and A is a factor of proportionality which varies in space 


and time. A necessary consequence of Equation [2] is that 


é, = 0, or that the volume of each element does not change 
During continued plastic deformation the rate W of plastic work 


done must be positive. Since 


W 


this is ensured if \ is posi equations of equilibrium are 


Jo 


Or, 


Let o,,;* represent any stress distribution satisfying the yield 


Equation [1], and the equilibrium Equation [3 


Now, by the inequality of Schwartz 


condition, 


and so ¢,;'0;;" > 0;;'0;;*", since o;;'0;;' = @;;*'0;;*". Multiplying 
through by the positive factor \ and integrating through the vol- 


ume of the plastie mass 


0 < Sfroj;"(o,; 


4In this and subsequent equations, the summation convention is 
to be understood. If a subscript i or j appears twice in the same 
term, the term is to be summed for all values i,j = 1, 2,3. Thus 
2o13* + 


O% = Oy + On + On, and o,'04j;' = on"? + 22'* + oy"? + 


2en* + 20 
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using Equation [2] and the fact that the stress tensor is sym- 
metric 


- 


° ‘ 
= (a 
or, 


since the material is incompressible and ¢,; and ¢,;* satisfy the 


ois*)us; dV 


equilibrium equations. Using Green’s theorem to transform the 


volume integral into an integral over the surface 
< x . , 
Oc / a; — o;*) ul, dS 


where 1; are the direction cosines of the outward normal. This 
equation states that the work S 0;jul aS done by the actual sur- 
face forces is greater than the work S 0;;*ud ds done by any 
other stress system for the same surface velocities, provided 
o,;* satisfies the equilibrium equations and the yield criterion.‘ 
More generally, if the surface velocities are prescribed only over 
a part Sy of the surface, and the external stresses FP; = o;,, 


over the rest Sp, then 


sy Fits US 2 ‘. F,*u, dS — 
where the stress system o,;* is such that F;* = o,;*l; = F; on 
Sy. The equal sign corresponds to systems differing only by a 
uniform hydrostatic pressure or tension. This theorem states 
an absolute maximum of the plastic work for varying stresses (3). 
The theorem of Markov, now to be proved, states an absolute 
minimum for a related function when the velocities are varied. 


Markov’s THEOREM 


The original proof by Markov of his variational principle was 
restricted to a nonhardening material (k = const) obeying Equa- 
tions [1] and [2]. His statement of the principle is equivalent 
to the following: If a plastic mass is subjected to continued de- 
formation at all points, under surface velocities u,;, the expression 


; l [ou,* du,* 
V &;°%,;° dV, 2,;° + 
; 2 \az, or; 


takes an absolute minimum value in the actual state, the u,;* being 
any velocity distribution satisfying the boundary conditions and 
the equation of incompressibility (Ou,;*)/(0z;)) = 0. When ex- 
pressed in this form, Markov’s theorem appears to have no ob- 


vious connection with the maximum work principle. In the more 


general statement which will now be proved for a work-hardening 
material, the connection will become apparent. 
: : J 
It is supposed, as before, that the value of V 64;'¢4;', or ¥V 2k, 


s given at each point of the body. From Equation [2] 


; 


& 4; = AMe,;'0; 


and hence by eliminating A 
OF Ci; 


=: [5] 
Vv 5845 Vv TGs Fis 


where the square roots are to be taken positive. Now, by 


Schwartz’s inequality 


f ~ 
V 444 V a5 *85° Z &s8i;* 


The equality holds if, and only if, the components of the tensors 


‘ For the relation between this principle and Sadowsky’s principle 
of maximum plastic resistance (5) see reference (3) 

* More generally still, certain components of the surface stress 
and velocity may be given on the same part of the surface. The 
modified interpretation of Equation [4] is obvious 


é,, and é,,;* are proportional. Introducing the factor V 6;;'6%; 
and integrating through the volume 


{y 04; 04;) V &j*%5* ab > ik 65 5'%; . 7 le 


But, from Equation [5] 


, & lees? — &,) 


, - oa! (a;* =" : ;;* ont &,) 
V ba; 


since both é@,;* and é@,, satisfy the equation of incompressibility 
Now ¢,,; is the actual stress and therefore must satisfy the 
equilibrium equations. Hence with the use of Green's theorem 


V 655%; = C5; 
¥ oz, or 


Combining Equations [6] and [7] 


/ 4 . f , 
I Veaea' V 4,%85° dV 2 S Veen V bphis dl 
+ Sf hus? - ul, dS (8} 


If the velocity is given over a part Sy of the surface, and the 
external stress F; = o,, over the remainder Sy, then 


SV ees V bhi; dV - fe, Fu, dS 
Sy 065044 v 478," Ss, Fyu,* dS la} 


If the material does not work-harden, o,,'¢;,;' is the same at all 


points of the body, and 


- 1 - 
/ V4,4,aV 3 / FudS 
V2k. 


s 
P 


V2k. 
Markov’s original theorem is obtained by setting Sy = 0 


RELATION Berween THE Two VARIATIONAL ParinciPies 
Equation [8] may be interpreted in terms of stress, and strain 
(alternatively called generalized, equivalent, or 


rate, intensity 


effective stress and strain rate). By definition, the stress in 


tensity is 


and the strain-rate intensity is 


lo 
‘= i V bit; 


Hence Equation [8] can be written as 


fecav- Sart —Sfo, Fin? a8... (10) 


Now it is well known that, when the Lévy-Mises law applies, the 
rate W of plastic work is equal to @¢. This may be immediately 
proved from Equation [5] as follows 


J sr F yu, dS 


.. V biti Sg 2 
W = a, 8;; = (04;'04;') 7 sett V o4;'0%; V aiihis = 86 
Nv O4,'0;" 
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The left-hand side of Equation [10] therefore is equal to 


S sss dV Ss Fu,dS = 


by the use of Green’s theorem. Substituting this in Equation 
[10], and combining with Equation [4], there results 


hy Piru dS < fl Puc dS < foerav— fy, Pyuj* dS. (11 


The relation between Markov’s variational principle and the 
The work done by the actual surface 


St Fu, dS 


author’s is now apparent. 
forces over Sy is the absolute maximum of the expression in the 
author’s theorem for varying stress, and the absolute minimum 
of the expression in Markov’s theorem for varying velocity. 
This result provides a means of obtaining upper and lower bounds 
in the approximate solution of special problems. 


EXTENSION TO More GENERAL STREsS-STRAIN Laws 


It is easy to extend the maximum work principle to a stress- 


strain law of the form 


where f, the plastic potential, is a general function of the invari- 
ants J; and J; of the deviatoric stress tensor. Since f is then 
independent of the hydrostatic component of the stress, (df 

de,,) = 0, and Equation [12] implies that there is no change in 


volume. The condition for yielding is 


f(o;;) = const. [13] 


where the value of the constant depends on the strain history. 
For any stress ¢, ;* satisfying Equation [13] 


of of 
de ’ Oe 


i v 


provided f IS & POwti:ve coiuvex function of the stress compo 


Suppose that the iunction f is represented by a closed 
= 0, where the 


nents. 
curve (the yield locus) in the plane o; + 02: + ¢ 
principal stresses o;, 02, o; are taken as Cartesian co-ordinates. 
Equation [14] may be interpreted as stating that the scalar 
product of the vector o;,*’ and the outward normal to the yield 
locus at the point o;; can never be greater than the scalar product 
of the vector o,,’ and the same normal. Multplying Equation 
[14] by the positive factor \, and integrating 


or > 
dl 


from Equation {12} 


provided o;; and o,,* both satisfy the equilibrium equations. 
This proves the principle of maximum plastic work. 
Markov’s theorem, on the other hand, does not seem capable 


of generalization in this way 


UNIQUENESs THEOREM 


Both variational principles can be applied readily to prove the 
uniqueness of a stress solution under given boundary conditions. 


Suppose, if possible, that ¢,,, u,, and ¢;,*, u,;*, could be two dis- 
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tinct solutions (i.e., not differing merely by a uniform hydrostatic 
stress), satisfying Equations [1], (2], and [3], and the boundary 


conditions. Now, by the maximum work principle 


Sf PucdS > f Ptuds, f Ptutds > f Putas 


if, and only if, the stress systems are not identical Hence 


But if the boundary conditions are such that 
F P,* 


Hence 
it is impossible that there can be two distinct stress solutions 


everywhere on the surtace, We arrive at a contradiction. 
In general, of course, there will be no solution at all, since the 
boundary conditions must be such as to produce continued plas- 
tic deformation at all points in the body 

The boundary condition of Equatien [15] includes the following 
a) The velocity is given on S;, and the external 
stress on Sp. Then F,* = F, 
Equation [15] is satisfied everywhere 
ponent of velocity and the resultant tangential stress are given 
at all points on the surface. The vector F; — F;* lies in the 
* is directed along the nor- 


special cases: 
on Sp and u,;* = u, on S; 


U» 


b) The normal com- 


and so 


tangent plane, and the vector u d, 
mal, so that their scalar product is zero 
Markov’s prin- 


Alternatively, uniqueness may be proved by 


ciple. From Equation [8 


fr 


Sf Voise;' Vagti;* V 


fro 


if and only if é;,; and é,,* do not differ merely by a scalar factor at 


fr 05; 8'05;"" V &;&, ab 


every point. Adding these equations, and recalling that ¢;;'0;;' = 


Gi; OE; J we obtain 


0 Ff F; 4 4, *)dS 


Hence €ij 


equal or differ only by a scalar factor of proportionality at each 


The proof continues as before and ¢,* are either 


point. In both cases o,,’ and o; ire identical 
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Deflections and Moments Due to a Concen- 


trated Load on a Cantilever Plate 


of Infinite Length 


By 7. J 


This paper contains an exact solution in terms of im- 
proper integrals for the deflections and moments due to a 
transverse concentrated load acting at an arbitrary point 
of an infinitely long cantilever plate of constant width and 
thickness. The solution is transformed into series form 
by means of contour integration, and is illustrated by 
numerical examples. In particular, comparisons are 
made with the known solution (1) for the special case 
where the load is applied at the free edge of the plate. 
The results obtained are of practical significance in con- 
nection with the design of certain types of monorail 
cranes. 


NOMENCLATURI 
The following nomenclature is used in this paper 
te. a Cartesian co-ordinates 
width of plate 
thickness ot plate 
distance of load from clampe d edge 
/ ‘ 
,t= = dimensionless co-ordinates 
a a 
Poisson's ratio 


Young’s modulus 


, flexural rigidity of plats 

12 (1 v? 
deflection 

to a * 


twisting moments, respectively 


shear forces, bending moments, and 


magnitude of concentrated load 


A oF 


>. he Dame biharmonic operator 
Or Or*0y? ou* 


STATEMENT OF ProsLem, BOUNDARY, AND TRANSITION 
ConDITIONS 


Consider a plate in the shape of an infinitely long strip of 
width a and thickness h, which is clamped along one of its parallel 
edges, the other eage being free, Fig om Let the plate be acted 
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Fic. | Cantitever Piate, Loapine, snp Co-Orornate System 
on by a transverse concentrated load /’, whose point of applica 
tion is arbitrary. We introduce a Cartesian co-ordinate system 
Oxyz such that the zy-plane coincides with the median plane 
of the plate, the taken coincident with the clamped 
edge, and the zrz-plane is assumed to contain the load P, which 


intersects the median plane ac the point A (c, 0 


y-axis Ie 


It is expedient for what follows to divide the plate into the 
two strip-shaped regions separated by the line z = ¢, and to desig- 
nate functions defined in the regions 0 < z < cande < zr S aby 
If the weight of the plate 
1, 2), within 
the classical small deflections theory, 


the subscripts 1 and 2, respectively 
is neglected, the transverse deflections w,(z, y) (j = 
the 


assumptions ol are 


characterized by the homogeneous biharmonic equation 
Viwiz,y) = 0G = 1,2 [1] 


which is valid throughout the regions under consideration except 
for the singular load point A. 

The equations relating the deflections to the shearing forces 
bending moments, and twisting moments are 


Qs, -N (w, - T %, sus 
Mj, V(w, ax T VW;, yy (2)? 
M icy = —Miye = NUL —v)0,, 0 
where v is Poisson’s ratio and N denotes the flexural rigidity of the 
plate. In view of Equations [2], 
ten in terms of the deflections w, appear as follows 


the boundary conditions writ- 


Along the clamped edge z = 0 


and along the free edge z = 
so that 


(4) 
[ 5) 


1 to functions 
indicate partial deriva 


* See reference (3). The subscripts z and y attache 
which originally bear no such subscripts 


tives Oroy" 


Thus, wj, ry, = O*wy; 
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where Equation [5] is Kirchhoff’s condition, which is equiva- 
lent to the requirements 


O.2(a, y) = Mzz,(a, y) = 0 and let 


In addition to the boundary conditions, the solution must 
conform to the transition conditions at z = c. From the con- Cleasty 
tinuity requirements for the deflections, slopes, and bending ing 


moments, we have Oo<ét<1, 


With the notations adopted in Equations [14] : [15], we finally 
arrive at 
Pa? 
Wize + vw; vy) v 3, 22 T P We, yyi = 
The shearing force Q, must be continuous along z = c, except 
for the point of application A of the load, where Q, has a dis- 
continuity. The corresponding transition condition is formu- 
lated most conveniently for our purposes by replacing the con- 
centrated load P with a force function F(y) defined by 


F(y) = pfor\y, <6 
» 


os s< 
Pu = QVioré Sy 


[9] 
and for 
where 2pé = P, and by subsequently passing to the limit as — 0 
By use of the familiar Fourier integral representation for 
F(v), the required condition on Q. now becomes ; (1 + 2y)1S; + p(t 
24 


{1 + 27 + 


2p sin ad / 
cos aly da 110] 
Tra 
SoLuTion ror DEeFLections In INTEGRAL Form Here, the auxiliary symbols : 
F : counted for by 
The problem formulated in the preceding section consists of 
determining the biiarmonie functions w,(z, y) (7 = 1, 2) which ; 
satisfy the foregoing boundary and transition conditions. ‘To ", cosh 
this end we recall that S sinh 


cos! 


nl 
Sinn 


w,(z, y) = I, J(2, a)eos ay da; y= 1, 2).. [11] ’ sinh 
cosh 


with inh 
Ss i 


J ,(z, a)= (A, + Byar cosh of + (C; + D; az) sinh ar [12] cosh 


, P nan . sinh 
is a solution of Equation [1] for arbitrary choice of the functions 


A (a), Bia), Ci(a), D(a), (G7 = 1, 2) provided the improper 
Integral [11] and its required partia! derivatives exist. This 
solution, moreover, conforms to the symmetry of the problem 


cosh 


under consideration. Since Equations [3], [4], [5], [6], [7], [8], 
[10] are to hold identically in y, we have from these and Equa- 


: Thus ¢: is obtained from Equations | 
tions {11}, [12] 


t, which follows also from Maxwell’s reciprocal t 


to the deflections wt, y 


BENDING AND TwIsTING MOMENTS IN INTEGRAL Form 


The integral representations for the bending moments M,, Mf 


und the twisting moment M,, are now readily deduced from 
Equations [17], [18], [19], [20], [21] by means of Equations [2 


This computation yields 


u) cos 

uw Alu) 
Substitution of HNquations [12] into Equations [13] leads to x(t, t, n)eos 
‘Sy $,# =) 


aneous equations in the eight unknown coefficients . - 
M “) 


D,; (j = 1, 2), and after introducing the solution of 


‘se equations into Equations |12], we arrive at the complete »,(, $, w)sin un 
integral representation of the deflections w,(z, y Before citing icy SS) = A(u) 
the results so obtained, we define the dimensionless co-ordinates 


t, » ¢ by means of 
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where A(u) is as in Equations [18], and the definitions of the 
integrands are completed by 


Wilf fu) = (1 
+ (y — Quit 
+ Ql — 


+ [7(3 + 64 


oma 
t Ef) Se 


aus 


+! Qus a 


Serres REPRESENTATION OF DEFLECTIONS AND MoMENTS 


The numerical determination of the deflections and moments 
as functions of the position parameters — and », the load pa- 
rameter ¢, and Poisson’s ratio v, necessitates the evaluation of the 
improper integrals appearing in Equations [17], [22]. In view 
of the fact that the 
terms of elementary functions, numerical integration provides 


foregoing integrals are not expressible in 


one possible method for their evaluation.‘ However, this ap- 
proach is exceedingly cumbersome if a complete and sufficiently 
For this 
reason it is advantageous to resort instead to contour Integra- 
tion® in 
under consideration in terms of the residues at the singularities 


accurate coverage of the solution is to be achieved. 


order to obtain series expansions of the integrals 


of the corresponding integrands. To this end we observe that 
[22] are 
simple poles and coincide with the zeros of A(v) which, by Equa- 


the singularities of the integrands in Equations [17], 


tion [18], are the solutions of 


Alu) wrt + 92? t+ y + a + (9 + cosh 2u = 0 [29] 


Since 7 > 0, A(«#) has no real roots. Moreover, it is readily 


* This procedure is followed by MacGregor, reference (1), in the 
special case referred to previously. 
* See reference (4), p. 45 et seq, and reference (5) 


chapt. VI. 


MOMENTS DUE TO CONCENTRATED LOAD ON CANTILEVER PLATE 6u 


shown that, considering only the upper half plane, the roots of 
Equation [29] are of the form 

u. = = a, + if, (n = 0,1, 2,.. 
a =0ea>0@>1 
8 >O0(n>0 


Ma 


Thus in the region under consideration there is a single purely 
imaginary root, the remaining roots occurring in complex pair: 
located symmetrically with axis of 


We find that 
value of », are monotonically increasing functions of n for n > 


which are respect to the 


imaginaries both a, and §,, regardless of the 


and tend to infinity together with n. It is interesting to note 
that for large values of n, 8, asymptotically approaches nr 
The distribution of the roots of Equation [29] in the first quad- 
rant of the complex plane is indicated in Fig. 2, which is based on 
the values of a, and 8, for n = 0, 1, 2, 7 
These values were established by application of Newton's method* 


given in Table 1 


to the solution of the two real, transcendental equations corres 


ponding to the complex Equation |29] 


Br 


2 


> Location or Tue Roots 


TABLE 1 VALUES Ol 

0 » 6 7 
2.8498 3.0058 
18. 606 21.853 


0 U0 
Bn 2.7068 2.0272 


1446 
$048 15 


By virtue of a theorem on residues,’ we now have 


ox x 


r ay, 
/ @(u) cos updu = xi > R, 


. n=0 


vi Xj 


wAlu pw Alm) 


= 
Ou) sin updu = # > R,, 
0 


¥; 
Alu 


On evalu- 


where R, is the residue at the simple pole u, of (u)e 
* Reference (6), p. 90, et seq. 
7 Reference (5), p. 114, et seq. The extension of the theorem to our 
ease, where the number of poles is infinite, is established by means 
of the Mittag-Leffiler theorem. 
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ating the foregoing residues on the basis of Equations [19], [23], 
{24], {25}, (26), [27], [28], we reach by aid of Equations [31], 
[32] the desired expansions for the deflections and moments 
whose integral forms are Equations [17], [22]. We first record 
the results of this lengthy computation for the deflections w ;(, n, ¢ 


Pa* 
K 
rN 


wolk, He Bon 


Bot + (2y + 1)Bo sin 2 


&, O)sin a,n + ¢,(&, (cos a, ple 


where 
+ gat, (E, £ 


Dnt» 


nih $ 
&,¢ 


(&, ¢ 


sinh 2a,, cos 28 


(2y + 1) cosh 2a, sin 28 


The [33], [34] will be defined 


by 


functions ¢o, 7,, and ¢, in Equations 


aid of the auxiliary functions 


I quations 


n 
eonstitut 


2, 3, 4, 5 


, ct (1 l, 2, 
provided that uw Is re ‘ 


of 
are given by Equations [20 


and in terms the functions Si, Ci, s u ’ 
Here S;, C, 
placed by > 
from Equations [20] by replacing the hyperbolic functions with 


Fol 


mverge 
the analogous definitions of 8,, ¢; are obtainable account 
the corresponding trigonometric functions and , with 8 
lowing these agreements, we may write 

(1 + 2y) [A,6,Sicr + €,0,C8 ' 


and 4 


rABLE 2 


The 
ur 


\;CHANICS 
1 + 2y) [6,A,C 


A, + Pn ge 


39 


complete 


to ther wit! 


Loge 


e the serk re 
The series in Equation 
nt 


and only the 


in subsequent numerical 


VALUES OF K 


0.0168 
0.0272 
0.0 

0.0499 


VALUES OF Kj FOR } 
ANI 


». 25 0.50 
0 

0.0233 
1080 
1129 
2042 


0 
0.0207 
0. 

0 
0 


LUES OF K 


argument of 


derstood to be 8 


pre 


leading for 


omputations The 
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rts w,, of Equation [29 
deflections 


found to be rapidly 


sentatlo ol the 


oo) Wa 


ir terms had to be taken into 


values of 


AND VARIOUS VALUES OF 


1.50 
0 

0.00543 
0.0217 
0.00462 
0 0687 


AND VARIOUS V 
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{33}, 
yp, $), 
) for 7 = 1, 2. 


General series representations, analogcus to Equation 
were also obtained for the bending moments M,,(é, 
M,,(é, », £), and the twisting moment M,,,(E, p, 
However, in view of space limitations, we cite here merely the 
results for the clamped edge & = 0 
VW, (0, ”, 6) = 
VW, (0, pn, §) = 
M,,(0, n, 3 


PK .(n, { 


vM (0, n, é 


with f, and g, given by Equations [35], , whereas 


27 ft cosh (2 


1 + 
t cosh fa, cos 2. 
sinh fa 
8,] cosh ta 
(1 + 2y)¢ sinh (2 fla, sin (2 
+ ¢ sinh fa, sin £8, 
cosh ga, sin 6, 


sinh ¢ x, cos CB, 


and in Equations [3 Finally 


Bot 2 6 f Bo + 2i7(7 + 1 
143 


vols 


f)] sin ¢Bo 


The series in Equations [40] again was found to converge 
rapidly with the exception of the neighborhood of 7p = 0, where 
The values of K, = M,/P até = Oand 
for various choices of ¢, 7 are given in Table 5. Most of these 
K-values hecked independently by numerical 


tion based upon Equations 


the convergence is slow 
were integra- 
[22], and in all instances the agree- 


ment is seen to be satisfactory. 


Discussion or RESULTS 


According to the solution obtained for the problem under con- 
sideration, the deflections w depend on the dimensionless co- 
well as on the relative load posi- 


Moreover, for 


ordinates § = 7/a@,n = y/a, @ 
a, and on Poisson’s ratio » 


and », the deflection w is directly propor- 


tion, 1.e., On ¢ eC 
fixed values of &, n, ¢, 
tional to Pa?/N where P is the load, a the plate width, and N the 
The 


flexural rigidity of the plat« maximum deflections occur 


along the &axis (Fig. 3), and th at the free edge l. Figs 


4 and 5 show illustrative profil s of the deflection surface for ; 


3/4 and ¢ = 1, respectively. We observe that w is practically 


rABLI VALUES OF 1 Pr PFOR 


= OC 


0 


CONCENTRATED LOAD ON CANTILEVER PLATE 


&-DerPenDEeNce or DerLection w ALONG ® = 0 


PROFILES OF DerLecTION SURFACE POR 


4 
~« / 
on 


Fie. 5 Prorttes or Dertection Surrace ror f = 1.0 


negligible beyond 2. The curve for — = 1 in Fig. 4 is identi- 
3/4 in Fig. 5 by virtue of the reciprocal! 
mn, é w(t, p, € From Fig. 4 we note that if ¢ ] 
and » = 0, w is not necessarily a steadily increasing function of ¢ 
The 


agreement with those obtained by MacGregor (1) 


cal with that for ¢ 


relation u 


values of w(n) for % ! 1 are found to be in verv close 


Ss 


0 AND VARIOUS VALUES OI AND» 


2) 


- 0 
0.25 0.174 0 
0.50 0.074 7 on 0 
1.00 0.022 B2 0 
1.50 0.0075 2 0 
2.00 0.0026 0026 0.0108 0 


1 By numerical integration, 
2 By series expansion, Equa 
* Not computed 


6 MacGregor's result, reference (1) 


370 
302 
196 
076 
029 
010 


sation [22] 
1 (40) 
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The bending moments M,, M, as well as the twisting moment 
M,, are functions of £, y, , », and P alone, and are independent 
of the absolute plate width or the absolute distance of the load 
from the fixed edge. Regardless of ¢, the largest values of M, 
along the clamped edge, where M, = »M_, occur at — = p = 0 
Fig. 6 shows Mz, max in its dependence upon the relative load 
position. For f = 1, Mz, max coincides with MacGregor’s result 
(1). Fig. 6 displays the discontinuity at ¢ = 0 


= 0 
0.32 P 


M(é = 0,7 = 0,% 
lim M (¢ =0,7 = 0,5) = 


te) 


[44] 


-M,/P 


oe. 


{-Derenpence or Benning Moment M, ati = 
FOR ¥ 0.3 


kre. 6 


load ap- 


is never less 


hus, according to the solution obtained, as the 
proaches the clamped edge, the moment Mz,ma 
than about 60 per cent of the corresponding value induced by 
the same load applied at the free edge. The discontinuous de- 
pendence upon ¢ of My, max at ¢ 
by considering the distribution of M, along the clamped edge, 
It is seen that the load gives rise to significant 


0 is formally accounted for 
shown in Fig. 7 
bending moments M, only over a certain segment of the clamped 
and that the relative width of this “influence zone’’ 
It should of course be emphasized that if the 


edge, tends 
to zero with ¢ 


distance of the load from the clamped edge is of the order of 


nagnitude of the plate thickness, the solution ceases to be physi- 
valid, since in this instance the shearing deformations, 
neglected in the elementary plate theory, are no longer unim- 


rally 


portant. 
Che foregoing discontinuity is also confirmed by observing that 


the limit as ¢ = c/a — 0 alternatively admits the interpreta- 
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PENDENCE oF Benpina Moment M, ALonG_CLAMPED 
EpGe 


tion a—> & with c fixed, which corresponds to the cantilever plate 
of infinite width. An exact solution in closed form for this case 
was given by Michell (7). According to Michell’s solution the 
bending moment M, at —& = » = 0 is — P/r, and is here inde- 
pendent of ¢. Our present limit, Equation [44] is seen to be in 
very good agreement with this result. 
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Effect of Imperfections on Buckling 
of Thin Cylinders and Columns 
Under Axial Compression 


By L. H. DONNELL* anv C. C. WAN? 


Von Karman and Tsien have shown that under elastic 
conditions the resistance of perfect thin cylinders sub- 
jected to axial compression drops precipitously after buck- 
ling. It is considered that this indicates that this type of 
buckling is very sensitive to imperfections or disturbances. 
In this paper the effects of certain imperfections of shape 
(assumed to be equivalent to all the actual defects or dis- 
turbances combined) are studied by the large-deflection 
shell theory developed in a previous paper (2).‘ 

It is found that two types of buckling failure may occur. 
One is of a purely elastic type which occurs when the peak 
of the average stress versus average strain curve is reached, 
while the other type is precipitated by yielding, which for 
thicker cylinders or lower-yield material may occur before 
such a peak is reached. Curves are derived giving the de- 
pendence of each type of failure upon the dimensions and 
elastic and yield properties of the specimen and also upon 
an “unevenness factor” U which determines the magni- 
tude of the initial imperfections and is assumed to depend 
on the method of fabrication. The relations derived are in 
line with test results, and similar studies of the buckling 
of struts indicate that the magnitude of the initial imper- 
fections which have to be assumed to explain test strengths 
are reasonable. 


INTRODUCTION 


HE problem of buckling of a thin-walled circular cylinder 
under simple axial compression has received a great deal 


of study, and, although this is a very fundamental case, 
The present discussion will 


it is still a subject for controversy 
be limited to cylinders long enough (say, more than 4/, of a 
diameter) so that end conditions are unimportant, as has been 
shown by Nojima and Kanemitsu (1), and short enough (say, 
less than 10 or 20 diameters) so that there is no danger of buckling 
of the cylinder as a tubular column. Most practical applications 
fall in such a range. 


' This work was done partly at Iilinois Institute of Technology 
and partly at Chance Vought Aircraft. The authors wish to thank 
these institutions for the opportunities afforded them, and in par- 
ticular Dr. LeVan Griffis, Chairman of Mechanics at I1.1.T. Pre- 
sented at the Seventh International Congress of Applied Mechanica, 
London, England, 1948. 

2 Research Professor, Illinois Institute of Technology, Chicago, Ill 
Mem. ASMP. 

*Senior Project Analytical Engineer, Chance Vought 
Dallas, Texas. Jun. ASME. 

* Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

Presented at the National Meeting of the Applied 
Division, Ann Arbor, Mich., June 13-15, 1949, of Tar 
Society or MecnanicaL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until April 10, 1950, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Paper No. 49—-APM-14 


Aircraft, 


Mechanics 
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Let us first review briefly the known facts concerning this 
case. If a thin cylinder, Fig. 1, of mean radius r and wall 
thickness ¢ is subjected to sufficient axial compressive stress 
¢, it actually buckles into many comparatively small waves, as 
indicated by the photographs (2) of Fig. 2. Buckling comes 
suddenly, almost explosively, and usually occurs over only a part 
of the wall, as at (a) or (6), rather than in the compiecte manner 
of (c) or (d). The number of waves around the circumference 
n is of the order of ten or so, and the wave shape ratio m (ratio 
of wave length in the circumferential to that in the axial direc- 
tion) is always close to unity, with an average value of about 
0.75. 

The classical theory for this case, developed by Lorenz (3), 
Southwell (4), Timoshenko (5), Robertson (6), and others, is 
based on small-deflection shell theory and the assumptions of 
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perfect elasticity and perfect initial shape. It predicts a buckling 


stress of 


0.605 Et’) (1) 


t 


oa = [|E V3(1 — w*) jt 


The theory does not specify the wave shape ratio m, but if we 
assume the experimental value m = 0.75, the number of waves 


around the circumference n is predicted to be 
n 1 2) 0.87 V r/t 2 


The 


shown by the diagrams of Fig. 3, the ratio of the experimental 


check between experiments and the classical theory is 
to the classical theoretical buckling stress being given at (a 


and similarly for the number of circumferential waves at (+ 
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Experimental points obtained by various investigators (2, 7, 
8, 9, 10, 11, 12, 13) lie in the areas indicated, and all the results 
known to the authors are shown. In general, the experimental 
values of both o and n are widely scattered and are all much 
less than the theory calls for. There seems to be a definite 
tendency for them to decrease as the cylinders become thinner- 
walled, except in the case of the tests of Fliigge and of Wilson 
and Newmark (whose specimens were fairly thick-walled and 
which, as will be seen later, were probably in the plastic or wha‘ 
short-column’ 


we would call for columns the range 


Many investigators have attempted to explain these large 


discrepancies between theory and experiment (7, 14, 15, 16, 17 
1s In 1934 one of the authors presented an attempt (2) to 
investigate the effect of the initial deviations from perfect shape 
which are always present. A second-approximation shell theory 
for finite deflections was developed, in which two of the displace 
ment components were eliminated and the following relation 
between the stress function / of the membrane stresses and the 


radial displacement w was developed 


E O*u 
Ox? 


o oO? O*w O*u 
or is? J * ~~ L \dards ox 32 r 


Ww her e AK 


a constant 
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The number K involves the ratio between the initial deviation 
from perfect shape w: and the displacement during loading w, 
and it must be a constant as noted; this means that only the 
component of the deviation which is of the same shape as the 
displacements can be taken into consideration. This is the 
same as is usually assumed in column theory, and this com- 
ponent of the deviation can be shown to be by far the most 
important component. The second-order terms on the right-hand 
side of Equation [3] correspond to membrane stresses due to the 
finite displacements while the last term on the right-hand side 
corresponds to membrane stresses due to the curvature. Equa- 


tion [3] can be considered to be a generalization of Karman’s 
well-known equation for finite deflections of flat plates (19 
so that A = 1 


are known or assumed, then f can be solved for 


and reduces to it for wo = 0 and r = infinity 

If w and u 
from Equation [3 It will be the sum of the easily obtained 
general solution of the equation 


The latter 


particular solution and the 
obtained by replacing the right-hand side by zero. 
solution corresponds, in general, to stress distributions which are 
inconsistent with the physical conditions of the present problem, 
except for a term os*/2 which corresponds to the average axial 
stress o. The average stress in the circumferential direction 
will be assumed to be zero, as it would have to be in the middle 
part of a long cylinder under no internal or external pressure 
(this will be further discussed in the next paragraph). The use 
of the stress function / satisfies the two equilibrium equations in 
the plane of the wall, and the other equilibrium conditions can 
be approximately satisfied »y assuming an expression for w 
containing arbitrary parameters and choosing these parameters 
from energy considerations 

In applying this method in the paper (2) of 1934, the energy 
was minimized for only one parameter and ¢: veral simplifications 
and neglections were made to reduce the mathematical difficulties; 
as & consequence, obtained was unsatisfactory. 
However, the method itself has proved to be useful. In 1941 
von Karman and Tsien (20) made a very important advance in 
our understanding of this problem by applying this general 
method rigorously and assuming a deflection shape of the type 


the solution 


mnx ; 2mnx 
w = at | cos cos + b cos . [4 
r r r 


where m and n are the wave shape ratio and number of circum- 


ferential waves, and a, b, c, and d are other arbitrary parameters. 


The parameter d defines a uniform inward displacement which is 
caused by circumferential shortening due to finite deflections; 
its existence has already been assumed in making the assumption 
circumferential stress just mentioned. In 


of zero average 


practice, d drops out in the differentiations and need not be 
can be found if desired 


This 


and n which must be as- 


further considered, although its value 


from the condition of zero a ircumferential stress 
leaves only the parameters a, 6 
sumed or be determined so as to minimize the energy. 

Von 
the energy for two of the remaining parameters a and 6,' and 
they 
shortening of 


Kadrmin and Tsien assumed o equal 6, minimized 


found relations 
the 


for various assumed values of m and n 


between the average stress ¢ and the unit 
These relations were 
The ‘ 


perfect initial shape, and the peak point p’ is at the height given 


evlinder « found to be of the type shown 


by the full line in Fig. 4 assumed elastic conditions and 


by the classical theory Such a result is in great contrast to 


our experience with columns, for which we would obtain a hori 
rhey also minimized the energy but this amounted to the 
ur assumption of zero average circumferential stress; 
ly on the basis of the neglection of end 


same thing as 
in either case this is justified or 


constraints 





DONNELL, WAN 


zontal or rising curve after buckling, instead of the precipitous 
drop-off indicated in Fig. 4. Such a drop-off indicates tre- 
mendous sensitivity in this type of buckling. Leggett and 
Jones (21) refined these studies by carrying them a step further 


Ave. stress 0 


ae Shortening of cyl. € 
Fic. 4 


- io 
they also assumed perfect elasticity and initial shape and the 


constant c = b, but they succeeded in minimizing the energy for 
all four of the remaining parameters, and obtained one curve, 
namely, the full line in Fig. 4. 
The question now arises: 
these highly interesting results? Shall we be content 
merely that this shows great sensitivity to any disturbances (which 


What is the exact significance of 


4 to say 


this idealized solution of course neglects), and that designers 
must expect that such disturbances will always actually occur 
and will dull the sharp razor-edge of the resistance curve to 
something like the shape shown by the dotted line, Fig. 4, with 
the exact magnitude of the peak resistance at the point p left 
to tests to determine (24)? This approach merely answers in a 


general way the question of ‘“‘why"’ the large discrepancy between 
classical theory and experiments, without helping the designer; 
he is still left to determine from his tests the magnitude of the 
peak resistance which he needs, just as he had to before. 


Or shall we adopt the approach that the low point or “valley 

at v, Fig. 4, obviously represents a very stable condition, and 
that we should use the resistance at this point (which Leggett 
and Jones found to be about one third of the classical buckling 


resistance) as a safe and conservative value? Concerning this, 
it may first be said that under certain conditions (very large 
r/t ratio, for instance) this value is not at all conservative, while 
under other conditions (such as a small r/t ratio) it would repre- 
sent wasteful design, since we can actually safely rely on con- 
siderably higher resistance 

Moreover, it seems evident that the magnitude of the actual 
peak resistance given by a point such as p depends on the shape 
of the near-by peak part of the idealized curve and that it has 
little if any relation to the shape of distant parts of this idealized 
curve such as the region around v. The actual peak resistances 
would probably be practically the same even if there were no 
valley in the idealized curve at all and the curve kept on falling 
as a matter of fact, as von Karmdn and Tsien have pointed out, 
the “large deflection” theory used is only a second approximation 
and is pre bably quite inaccurate at the relatively large displace - 


ments (several times the thickness) occurring at the valley, so 


that this whole region is in doubt and there may really be no 
On the ot 


valley at all ver hand up to the actual peak resistance 


given by such a point as p (what happens after this point is 
reached is of little practical interest) the displacements are only 
a small fraction of the thickness (they are zero aleng the straight 


line op’ and increase only as we go to the right of this line) and 
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the theory is probably quite accurate for the study of this region. 

It seemed to the authors that the only hope of finding out how 
much the peak resistance is actually reduced under various condi- 
tions, and of thus giving the designer some theoretical help, 
would be to try to make some quantitative study of the factors 
which are reducing the peak. These are probably rather numer- 
ous, and include: (a) Initial deviations from the assumed perfect 
geometrical shape (these can be measured on the inside or outside 
of the deviations 


initial stresses c) 


uniform, isotropic elastic behavior 


specimen (b irom 
these are obviously not to 
sheets of multicrystalline material, 


be ignored in thin-walled 


where there may be only a few crystals across the thickness); 
and (d) accidental lateral loadings, such as those due to shocks 
sound waves, seismographic vibrations, and so on 

It has not been shown that cylinder buckling tests give ap- 
preciably lower strengths when made in a boiler factory or a 
stamping mill than when made in a vibration-proof laboratory 
and it seems probable that the first three of these factors are 
much the most important. Since these first three are all proper- 
ties of the specimen, rather than of the conditions of loading 
there seems some hope of relating some systematic part of them t« 
known properties of the specimen, and thus, by taking them 
into consideration, of eliminating some part of the variation 
which at present has to be regarded as unpredictable “scatter.” 
In any case, all of these factors probably have similar effects, 
and, since a method is available for considering initial geometric 


deviations (by using the K in Equation [3]) it is proposed t 


consider an “equivalent geometric deviatiea” which would have 


the same total effect as all these effects together. Its magnitudes 
may of course be much greater than the geometric deviations 
which themselves are sometimes large enough 


alone, to be quit 


evident to the eye. An attempt will first be made to get some 
idea of the probable magnitudes of this deviation, and its relation 
to known properties, by a comparison with the corresponding 
simpler case of columns, for which considerably more experience 
and data are available 

Systematic experimental measurements, both for cylinders 
and columns, are obviously greatly needed, and such work is 
planned at Illinois Institute of Technology It is not claimed 
that the results, which the assumptions which will be made lead 
to, give a complete answer to this very difficult problem, but it 
is hoped that they may point out the true nature of the problem 
involved and the general type of results which can be expected, 
and indicate further work which is needed for a satisfactory and 
practically useful solution 
AcTUAL COLUMNS 


Tue Case or 


Consider a simple hinged end column, say, of rectangular 


section, with a geometric deviation from perfect straightness at 
The actual average 


the center of af, as indicated in Fig. 5 


amplitude of this deviation in a number of columns will surely 


varv with the proportions 


bar 


For example, if we should cut the 


column from a having a constant small curvature as in- 


dicated by the dotted lines, Fig. 5, the deviation would evidently 


vary as the square of the length Also, other things being equal, 
the average deviation will certainly be greater for thin bars than 
for thick ones In the pres 


nt lack of actual data on this subject 


it seems reasonable to assume a dimensionally consistent relation 





76 JOURNAL OF APPLIED MECHANICS 


between the average deviation and the dimensions of the column, 
of the type 
ad = Cl*/t or ag = C(l/t)*® 


where the dimensionless number C should have a reasonably 
constant value for similarly fabricated columns, independent of 
their proportions. 

While the foregoing reasoning was for geometric deviations 
only, similar reasoning probably applies to the other types of im- 
perfections which are present, and hence also to the equivalent 
geometric deviation which has an effect equal to all of them 
combined. The amplitude of the sinusoidal component of this 
deviation will be approximately the same as the deviation at the 
center. We will therefore assume this sinusoidal component of 
the average equivalent deviation to be 

wo = ao sin(rr/l), where a (U/x?\(l/t)?. . . [5] 
The number U is an “unevenness” factor assumed to depend only 
on the method of fabricating the column. The factor x* is 
introduced to simplify the results 

Using this assumption it is easy to develop by conventional 
methods a rational column formula which gives the average 
axial stress o at which yielding will commence. This computa- 
tion is made in Appendix 1, and the resulting formula can be 
expressed as follows 


C4 , UE 
, where 2N = 1 


vy 


Here ¢. is of course the Euler stress, obtained by assuming 
This formula both 
yielding and initial imperfections, and can be interpreted to 
apply to all end conditions and cross sections. It implies a 
definite yield point of the material o,, and gives the condition 
would be somewhat 


perfect elasticity and shape. considers 


under which yielding starts; hence it 
conservative for materials like the aluminum alloys (if their 
yield point is taken as a value near the proportioned limit) as 
well as for very short columns in cases where the designer feels 
that vielding can be permitted and the design can be based on 
ultimate buckling strength. 

Results from Equation [6] are compared in Fig. 6 with several 
empirical column formulas which have been commonly used for 
mild-steel construction. The chart* used in Fig. 6 is a generali- 
zation of the familiar stress versus slenderness-ratio column chart. 
The horizontal line at which a perfeet strut would yield is rep- 
resented by the line ab, while the Euler curve becomes the 
t5-deg straight line bc. The points a and ¢ correspond to zero 
ind infinite slenderness ratios. As can be seen, Equation [6] 
yields curves which approach the broken line abe for small values 


of U. 


the middle range of slenderness ratios, for values of ¢,/¢4 around 


The depressing effect of initial deviations is greatest in 


Both the theoretical curves and the empirical design curves 
pass through the points a and c, that is, they coincide with a 
simple yield condition or with the Euler curve at extreme slender- 
ness ratios. It thus seems evident that the depression of the 
empirical design curves in the middle range is solely to allow for 
Values of U from 0.0002 to 0.0010 are required 
Such 


on the initial deviations in actual 


initial defects. 
to depress the theoretical curves by similar amounts. 
other data as are available (22) 
columns indicate that these values of U’ are not unreasonable 

This type of chart has proved very useful, since it can be used for 
any kind of buckling problem, and the entire range can be shown on a 
finite chart. The idea of adjacent plots of a variable from 0 to 1 and 
of its reciprocal from | to 0 (continuous functions remain continuous 
across the boundary between such plots) can he extended to permit 
plots of both variables from to + 23 
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To be sure, column tests in which special precautions are taken 
to reduce the column eccentricity or crookedness, or to balance 
one against the other, may indicate much smaller values of U 
These tests are useful for checking idealized theories, but for our 
present purposes such care in testing tends to eliminate the very 
thing we are interested in. Design formulas, established through 
long experience, should be a better guide for estimating the initial 
deviations which must be expected in actual constructions 

Unper Axrat CoMPRESSION 


Tae Cast or Tain CYLINDERS 


In making a similar analysis for axially compressed cylinders, 
the deflection under load will be assumed to have the form used 
by Karman and Tsien and given by Equation [4]. In order to 
use the foregoing outlined method of analysis, the component of 
the “initial equivalent geometric deviation” considered will be as- 
sumed to have this same general form. It seems reasonable to 
assume that its amplitude a,t is related to other properties in a 
manner analogous to that assumed in Equation [5] for columns 
If there were no “preferred directions” in the cylinder wall it 
would seem reasonable to replace /? (which is actually the square 
of the half wave length of the deviation for columns) by 1,1, (the 
product of the half wave lengths of the deviations in the axial 
cylinder wall). This 
would give an expression for the amplitude of the cylinder devia- 
tion of the form: ao = (U/x*)i,1,/t. 

However, most thin-walled cylinders in tests and applications 


and circumferential directions for the 


are made by bending flat sheets, and this bending into a cylinder 
tends to flatten out waves which are long in the circumferential 
direction (as at Fig. 7a) more than those which are long in the 
axial direction (as at Fig. 7b). To allow for this effect a relation 
of the form 


a, = 


, = (U/x*)l, 1-0/0? 

can be used, thereby increasing the amplitudes of components 
such as those at (6) (Fig. 7), in relation to components such as 
at (a). Since l, should obviously not have a negative exponent, 
the number q should be between zero and one, and in want of 
definite data the intermediate value of 0.5 will be taken for it. 
Trials indicate that this choice has comparatively little effect on 
The expression for the initial deviation is then 


2ns ) 
+ d]} [8! 
r / 


the results. 


f 
mnar nS 
aol | cos Cos 


\ r r 


2mnzr 


where 
a (U/l! 8/2 = Ur? /(m'*n%t? 

It seems reasonable to assume that the value of the unevenness 
coefficient U thus defined for the average cylinder formed from 
metal sheet should be of the same order of magnitude as the 
corresponding value for metal columns, since the process and 
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errors of manufacture are much the same; in fact, the same sheet 
could be cut up into stripe to be used for columns or formed 
into a cylinder. To be sure, the act of forming a sheet into a 
cylinder tends to reduce the geometric unevennesses, as just dis- 
cussed. However, this at the same time increases the initial 
stresses. Also, it should be pointed out that in cylinder buckling 


(b) 


Fic. 7 


tests only a small] portion of the wall usually buckles, so that, 
unlike the case of columns, the controlling factor may be the 
worst portion of the wall area (a portion only large enough to 
contain a few waves), for which the U may be much larger than 
the average for the entire wall or for a corresponding column. 
Evidence of the importance of this is presented in Fig. 11 which 
will be discussed later. In any case it is reassuring that the value 
of U which is found necessary to explain most, of the experi- 
mental cylinder strengths turns out to be 0.00015, or a little less 
than the smallest value which was shown to be possible for 
columns. It may be noted that cylinder tests are coraparable 
to actual applications, because, unlike column tests, there is no 
way to reduce or balance initial deviations. 

Using the foregoing assumptions and the large-deflection theory 
which has been described, average stress versus unit shortening 
curves have been computed for various magnitudes of Ur/t, the 
results of which are shown in Fig. 8. These computations are 
presented in Appendix 2. In making these computations it was 
obviously desirable to determine all five of the arbitrary con- 
stants a, 6, c, m, and n by minimizing the energy, instead of 


1.0} —~ é 








minimizing it for only two of them as Karman and Tsien did or 
for four of them as Leggett and Jones did. In spite of the added 
complication of considering the initial deviations, an attempt was 
made to accomplish this result, which involved separate solutions 
of five simultaneous nonlinear algebraic equations for every 
point determined. This required a cut-and-try method in 
which three of the constants b, c, and m had to be guessed at, 
and if even one of these was not of nearly the right value no 
useful solution at all resulted. However, success was achieved 
in getting such a complete solution for smal! values of Ur/t and 
values of «/¢,, from 1.0 down to about 0.75. 

When an attempt was made to extend these results down into 
lower values of o/o,4 the task became impossibly difficult, but 
the values of the three constants 6, c, and m showed a tendency 
to center around the values 0.18, 0.03, and 0.728, respectively. 
A simpler and more practical solution was therefore obtained 
by taking these values as fixed and minimizing only for the 
The results shown in Fig. 8 were 
They are very similar to 
solution in the region 


remaining two constants. 
obtained with this simpler solution. 
those obtained from the more comple‘ 
where they can be compared (see Fig. 14)). 

It would seem from the foregoing results that the assumptions 
that c = 6 made by previous investigators was not a very good 
guess. Asa matter of fact, elementary physical reasoning would 
indicate that b should be larger than c. As pointed out on page 
799 of the paner of 1934 (2), the b cos 2mnz/r term in the deflec- 
tion, Equation [4], can eliminate most of the average cireum- 
ferential strain due to large deflections by increasing the cylinder 
radius at the peaks of the deflection and reducing it at the nodes 
of the deflection. On the other hand there is no such simple 
obvious need for the c cos 2ns/r term. 

Considering now the meaning of the results shown by Fig. 8, 
it seems evident that a cylinder with a certain value of Ur/t, 
say, 0.05, will take load smoothly and gradually up to the peak p 
and will then fail purely elastically and in an explosive manner. 
As K4rmdn and Tsien have shown, the elasticity of the testing 
machine or structure will influence this explosive failure; how- 
ever, the attainment of the peak p should involve only simple 
static loading. 

Any yielding occurring after this peak is reached will be of no 
practical importance. However, the stresses increase as we 
go up the slope op; for some materials, yielding will occur at 
some point in the cylinder at a loading between o and p, and 
complete failure will probably then occur at a loading which is 
not much greater than this. The theory gives the stress condi- 
tion at any point, and, by using the shear energy yielding con- 
dition and assuming from a number of trials that the points most 
likely to yield first are at the nodes of the waves, the conditions 
required for yielding at such points were calculated. Two kinds 
of buckling failure are thus possible in this case. The first kind 
is a failure precipitated under purely elastic conditions, and it 
occurs to cylinders which (because they are very thin-walled 
or made of high-yield material) do not yield until after points 
such as p are reached. The second kind, occurring to thicker- 
walled cylinders or those made of lower-yield material, is pre- 
cipitated by yielding before such a peak is reached. 

If a cylinder happens to have a Ur/t of 0.2, Fig. 8, it will 
evidently behave something like a column, with a gradual failure 
which will be plastic or ‘elastic’ depending upon whether yielding 
occurs before the plateau is reached. For values of Ur/t greater 
than this, no elastic failure should occur and all such cylinders 
should theoretically merely “squash’’ down until yielding finally 
occurs. Such failures involve very large displacements, for which 
the theory is increasingly inadequate, and the results obtained 
for this range do not seem to be consistent with tests, and are 


not shown here. This point is beyond the range of most prac- 
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tical applications and, because of the approximations in the 
theory and in the assumptions, it may actually very well be 
beyond the range of the experiments, too. As a matter of fact, 
other values of b, c, and m can be assumed for this two-parameter 
solution which yield curves having actual peaks with much 
lower peak values of o/c, than are obtained with the present 
assumptions; however, more detailed studies would be required 
to justify such assumptions 

The foregoing results are shown on an average-stress versus 
Ur/t chart in Fig. 9. The full line is drawn through points 
corresponding to the peaks of the curves of Fig. 8, and gives the 
resistance to the elastic type of buckling for cylinders with any 
values of U and r/t. The dashed lines are drawn from the 
computations of maximum stress in the cylinder before the 
peak is reached; they represent the conditions for the first 
appearance of yielding in cylinders of a material having the 
values of ¢,/(UE) indicated. Since a cylinder can take a load 
somewhat higher than that at which yielding first occurs, the 
‘ultimate load” curves should be a little higher than these dashed 
curves 

As an example of the application of these curves, consider 
cylinders made of 4 material and by a fabrication process corre- 
sponding to ¢,/(VUE) = 5. Then, according to the results shown 
in Fig. 9, cylinders having r/t ratios corresponding to values of 


1.0 


| Purely elastic 
buckling ———— 

Buckling started 
by yielding — — — 


Ur/t from 0.0 to 0.076 would buckle due to yielding at average 
stresses given by the dashed line marked 5, while thinner-walled 
with buckle 


For a material with 


cylinders higher values of r/t would elastically 
according to the full line from this point on 
a higher vield point, elastic buckling would start at lower values 
of r/t 
These results, for ¢ 


the 


10 on 

rhe full-line theoretical elastic 
fits the the 
he group of tests m ide by Fliigge on 


0.00015, are superposed in Fig 
test results shown befor 


buckling curve in Fig. 10 (a average of many of 
test groups quite well 
celluloid cylinders seems to fit a theoreti al vield curve close to 
that corresponding to this material. The thieker-walled eylin- 


Wilson 


follow the theoretical yield curve for this material quite closely 


ders of and Newmark, which were made of mild steel, 


Some of the test results should doubtless be compared to lower 
The 
cylinders of Donnell apparently had the largest deviations of any 
of the | 


theoretical curves corresponding to larger values of U 


groups, and were smal e specimens made of ordinary 
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shim stock,” which does not need to be fabricated very flat for 
the purposes for which it is ordinarily used 
The number of circumferential waves are compared with the 
It can be seen that only part of the dis- 
This 


in Equation [8] re- 


available data at (b). 
with the 
depends greatly on the assumption made 


crepancy classical theory is explained result 
garding the relation of the amplitudes of different components 
of the initial deviation to their wave lengths, and this relation 
The last chart of Fig. 10 


of the component of the equiva- 


apparently needs some modification 


at (c) shows that the amplitude 


lent initial deviation which was assumed is small compared to 
the thickness, and only rises to about the thickness for an r/t 
1500 


flimsy and the geometrical deviations alone are 


ratio of Such extremely thin-walled cylinders are very 
very 


the peak is 


apparent 


to the eye. The displacement during loading up to 


of the same order of magnitude. 


Finally, it is desired to point out a rather remarkabie fact 


24) which perhaps suggests a new approach to this problem 


In Fig of available data for both torsion- 


test 


11 is presented a plot 


ind compression-test strengths of thin-walled cylinders, all 


plotted together against the tio 
the a a of 


ide over the 


parameter which invo 


of total wall area to a single wave Since both kinds 


of tests were n same range of r/t, the inclusion of 


tin the parameter « t explain the remarkable co-ordination 


achieved As can be seen, when plotted in this way all the tests 


ery 


that the fact that « 


group cl ilong a single curve rhis strongly suggests to the 


authors ympression-test strengths are so much 


lower in relation to the classical theory, compared to torsion-test 
ible extent due te 


which 


is to a consider » the small wave nature 


strengths 


of compression buckling make 4 compression specimen 
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likely to contain one spot with very 
large initial unevennesses. A theoretical analysisof thisstatistical 
side of the question would be difficult, but this represents one 
more bit of evidence that the effective initial unevennesses in 
cylinder axial compression specimens can be large. 

While much collecting of data and refinement of theory still 
need to be done on this problem, the authors hope to have 


statistically much more 
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demonstrated how our knowledge of this problem can eventually 


be put on a quantitative basis which will be as satisfactory and 


as useful for design purposes as that available for other types 
of buckling problems 
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modulus, Poisson's ratio (taken as 0.3), 


elastic 
yield point of material 


uniform mean radius and thickness 


co-ordinates in axial, circumferential, and radial 


directions 
l initial deviation from true shape and deflection 
K = 1 + 2wo/u 
half 


and circumferential directions 
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DF functions of b, c, and m 
depending only on fabrication 
membrane stresses: o, = 0*f/ds*, 
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ss and unit shortening 


verage axial compressive stre 


ritical values of o, «, n given by classical theory 
assuming perfect shape and elasticity 


internal strain energy 
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Appendix ] 
COLUMNS 


The condition of equilibrium between the external bending 
Vv due to an axial load P and the internal resisting 
moment, for a uniform hinged-end column, Fig. 12, baving a 
bending stiffness FE] and an initial deviation we, is 


moment 


WV = P(w, + w) = Bid*w/dz*..cccccses {9} 


If wy has the shape given by Equation [5] and the ends of the 
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column are hinged, this equilibrium condition and the end 
conditions can be satisfied if 


w = ai sin(xz/!) ..- [10] 


Substituting wo and w from Equations [5] and [10] into {9} and 
simplifying, we obtain 

P(ay + a) = El(x*/l*)a 
or 


a = Qo/(x*Fl/Pl®—1) = ao/(Pa/P —1) 


= do/\o,, « 


+-—_— 1 


oreo 


i ae ==: =~ a 


Fie. 13 


where 7’, = #°EI//l* is the classical buckling load assuming per- 
fect elasticity and shape. The maximum stress in the column 
will be the sum of the average compressive stress ¢ and the 
maximum bending stress (Mc//), 1/2 = (Mt/2I)z-<i/2. Using 
Equations [9], [10], [11], and [5], the condition that this maxi- 
mum stress has just reached the yield stress oy is 


UE 


+ (Mt/2/ ,_=ot 
2(¢,,/¢ — 1) 
Equation [6] is then obtained by solving Equation [12] for o. 

Equation [6) can be used for columns with any end conditions; 
it is merely necessary to interpret o, as the classical or Euler 
buckling stress (assuming perfect elasticity and shape) for that 
particular end condition. To demonstrate that this is true 
consider a fixed-end column of length l’ = 2i, Fig. 13, having a 
deviation from straightness of its middle half of ao, as indicated. 
This middle half will be under the same condition as a hinged- 
end strut of length / and all the foregoing reasoning and deriva- 
tion will apply to it. The a, in Equation [7] will, as before, be 
rEI/l? = 4x*El/l'2, which is the same as the classical buckling 
stress for the fixed-end column of which the hinged-end column 
is a part. 

The foregoing reasoning and Equation [6] can be applied to 
columns of any symmetrical shape of cross section if ¢ is defined 
as the height of the section in the plane of symmetry in which 
buckling is being studied. For more general shapes of cross 
section this reasoning applies to buckling in the principal 
planes, provided the amplitude of the initial deviation a, is taken 
as (U/x*)(I?/2c), where c is the distance from the corresponding 
neutral axis to the furthest fiber. 

U is supposed to vary with the method of fabrication, and this 
depends to some extent on the shape of section and end condi- 
tions. Hence some variation in the value of U with these 
conditions might be expected; however, such variations should 
be small, and in the present state of knowledge would represent 
meaningless refinements. The best that can be said on the basis 
of evidence such as that given in Fig. 6, is that the use of Equa- 
tion [6] with values of U in the range of 0.0002 for “refined” 
construction to 0.0010 for “rough construction” should give as 
kind of 


reasonable an estimate of buckling strength for any 
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column as any present method can, unless closely applicab.e test 
data or experience are available. 


Appendix 2 


CYLINDERS 
Substituting the expressions assumed for w and wo, Equations 
[4] and [8], into Equation [3 
formations, we find 


Pet) 
+ 
oz? 
2mnzr 


+ 4b cos 


and using trigonometric trans- 


r 
Qmnz 


+ 32be cos 


3mnaz 
+ 4b cus COs 


where 


We will use the 


Hew paruhit ters @ and ¥, defined by 
/. , 
Vv 301 


n#at 


Kniat 


2r 2r 


v 


Solving Equation [13] in the manner previously discussed, we 


obtain 
Famr | 4vx(b 4 
n*? (m?* 


Qhev 


(m? + 1)° 


2mnzr 2ns 
COs 


lev mnzr 3ns thy 
cos Cos t 
9m? +1 


3mnz 
+ Os 
(m? + 9)? r r 


th 2mnz 
16m‘ 
Under elastic conditions the unit strain at the middle surface 
in the axial direction is, by Hooke’s law, equal to (2°f/ds* 
ud*f/dzr*)/E, where 0*f/0s* and 0°f/dz* are the membrane stresses 
in the axial and circumferential directions. This unit strain is 
composed of two parts: 


1 The unit increase in the axial distance between points in 
the middle surface, which equals —« since « was defined as unit 
shortening. 

2 The large-deflection strain due to the slope of the middle 
surface. Using the definition of K, Equation [3], we = w(K 
1)/2; remembering that K is independent of z, this large-de- 
flection strain due to the slope is equal to 


1 Aw + wo 1} Ow | 
2 or 2 or 
rs ‘(ee)’ (kK ') (2) ” K f[ow)\° 
2 dr \ 2 or - ie eae 


We have, therefore, for the axial unit strain at the middle surface 
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l (2 oy . { Ow 
E \ast * ar? 
16) 


| fo*/ of 


E \os? " oz? 2 \or 


Using Equations [15] and [4] for f and w and trigonometric 
K 1 


transformations, the expression for « can be written out as 


the sum of numerous periodic terms plus the following two 
and (K /2)(amnt/r)(8b* + 1)/4. The 


average unit shortening for an entire cylinder contalnng sever al 


nonperiodie terms: @/E 


waves in the axial direction will be approximately equal to these 


nonperiodic terms. The average unit shortening of a cylinder 


« can therefore be written as 


Antat amt Sb? + 1 


> 


Solving Equation [17 | for ¢/o,, where ¢ 


(Equation {1 and using the symbol e, = o,/E for the unit 
shortening up to the classical buckling stress, we obtain 


arm(Sh? + | 


energy E is 


Kt o By Lot 
E- : 
241 —u) Jo So '\ar? 

t % a ) [ of o* 

2E . 0 J 0 ' Or? Os 


Phe witernal strain 


Substituting in this the expressions of Equations [4] and [15] for 


wand f, and using the expressions for a and n*at/2r from Equa- 


tion [14], and for « from Equation 


a*{Av® 


Fas 


where A, B, C, D, F are functions of b,c, m only 


Kb + Shem? tem? 


m* m? + 1 


thm? 


Gm? 4+ 


R(h?m*t + ¢ 


L DW 
Equation [19] gives an expression proportional to the internal 
strain energy which involves only Ur/t, ¢/¢,, and the five arbitrary 
constants a, b,c, m,». For a given cylinder subjected to a given 
shortening (as in a test in a rigid testing machine, for example) 
Ur/t and ¢/e,, will be given and fixed, and, since there will be no 
change in length, the external axial compression will do no work 


EFFECT OF IMPERFECTIONS ON BUCKLING OF 


\ Or0s 


THIN CYLINDERS 81 
during virtual displacements such as provided by small changes 
in a, b,c, m, and ». By the law of virtual work, therefore, the 
partial derivations of the internal energy E with respect to a, 
This is equivalent to minimization 
The 


h, c, m, and » must be zero 
and n 
five equations obtained in this way, E. = E, = E, = E 


E, = 0 (the subscripts indicating partial derivation), can theo 


with respect to the original constants a, 6, c, m 


nm 


retically be solved for a, 6, c, m, ¥; o/o, can then be determined 


from Equation [18 Thus plots of ¢/¢, against the given 


¢/¢,, could be plotted for the given values of Ur/t, as in Fig. 8 


following form by 
The 


These five equations can be put in the 


combining them in the indicated first 


E.. = 0 is taken as it is 


manner equation 


{20 
Eliminating the term in e/e, between the first and last equations 


by using the combination r& a€, 0, we obtain 


2! 


rhe third equation E, 
solved for lv 
8b? + LE 


can 


0 does not contain « ¢, and ean be 
(L/m'**)U'r/t)?/a? By 
- IbalE, = 0 and 2mE,, 


two 


using the combinations 
3vE, aE, = 0, we 
obtain more independent equations having a similar 
O*w O*u 

Or? Os? 

oy of | t 

dards 

drt ds? | 4 


can be writter 


form. We 
together in the form 


thus obtain three equations whieh 


Ur\? 


= (ip Hy Ji 


where G, H, J, M, N, O, Q, and RB are 


The three indepe nent equa tliotis contained in equation 


functions of 6, c, amd m 


only 


22) were derived from the equality of the first expression to 


each of the last three expressions, but the equality of any twe« 
of these expressions is of course also implied 


Solutions can then be found as follows: Values of b, c, m are 


assumed, permitting the values of G, H, J, and so on, to be 


calculated The quantity » can then be solved for by using the 
equality of the second and third expressions of Nquation [22 
it can also be solved for from the equality of the third aud fourth 


expressions, and this may give a different value of »; however 


by varying }, ¢, or m and by cross-plotting, values of b, c, m car 


be found for which both calculations give the same value of » 
K 


With sets of values of b, c, m, » so obtained, Equation [21] and 


the equality of the first and second expressions of Equation [22 
a and U'r/t ) 


ind [18] can then be used to determine «/« 


ean be solved simultaneously for Equations {2 


All the 


resulting sets of values o 


ind @ Cu 


equations are thus satisfied, and the f 


Ur/t, e/e,, and a/e, can then be used to plot curves such as 
those in Fig. 8 

The difficulty in applying such a method lies in finding the 
proper values of the initially assumed quantities, to obtain real 
final quantities. Values of 
fulfill 
corresponding values of «/¢ 
1i(h 


diagram can be computed, but 


values in the desired range of the 


have been found to these conditions are 


14(a), 
o/o4 and U'r/t are plotted in Fig 


hb, co m which 


shown in Fig while the 


In this way the upper 


quarter of the a/o, versus € « 
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412+ 


+N 


10+ 


M2 13 14 «IS 16 i7,4 


(a) 


efforts to extend this solution into the lower part of the diagran 


another family of 


curves having the same 
14(a) but 


ind these yield solutions in the desired 


were unsuccessful 


asymptote as the family shown in Fig with higher 


values of b can be found, 
region, but these solutions give steadily rising ¢/o., versus €/€,; 
inconsistent with 


curves which are hose shown and presum ably 


do not correspond to the PASE hape of deformation 
It was therefore decided to use a simpler type of solution in 


und » 


ussumed, using the fore 


which the energy is minimized for the two parameters a@ 


only, and fixed values of / und m are 
going more complete solution as a guide for choosing 6, ¢, and » 
0.167 Kk O.18 = 0.03, 


be noted, is quite consistent with 


On this basis the values 6 0.18, ¢ = 
” 0.7284 which, it may 


experimental evidence) were chosen, corresponding to the point 


I4(a) and to 
14(b 
0.382, ¢ 


p in Fig approximately the similarily marke« 
point in Fig 
{ 0.361, B 


ting these values into Equations {18}, {20}, 


| 
Using these values in Equation [19] we find 


0.666, F = 0.666 Put 
and {21] 


equations 


0.185, D = 
and solving 
three 


the last two for a, we obtain the 


L.61Ur/t 


O.922ve« we 


1.057) 4 0.278 — 0.287 


0.333e1 


values of » between 2U'r/t and 


t and 


suitable) we 


Assuming value fl 


ibout 0.5 are found to be can solve for a and e/¢ 


the two equations of Equation [23] and then for ¢/¢,, from 


from 


Equation {24 Corresponding values of Ur/t, o/o,, and €/«, 
obtained in this way are plotted in Fig. 8, and for smaller values 
14 for comparison with the results 
this 


Fig. “ is plotted from the peak points of the 


of Ur/t are 


uso plotted in Fig 
from the more complete theory in range. The elastic 


buckling curve 


curves of Fig. 8, each peak giving a set of values of o/o,, and 


{ t 

In order to plot the curves for buckling initiated by yielding 
it is necessary to set up the yielding condition for the most highly 
shear energy 


stressed point in the evlinder According to the 


theory 


principal stresses at the point Letting 
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Energy 
minimized for: 


5 factors 
2 factors ——— 


The normal and shez 


direction, 7 a the mem 
nd flexural stresses, and middle su 


they are 


Yielding will first or outer surfaces 


flexural stre 


ccur 


where the iximum. Using 


Equations [4] and [15 ind f in Equation [27 


stituting into Equation [26], vielding will first occur 


value of x and s for which tl <pression on the right six 


Equation [26] is a maximun To set the derivatives of this « 


pression with respect to z and s equal to zero and solve for the 


proper value of z and s would involve more complications than 


seemed justified rials for a number of conditions and points 


indicate that the stress condit probably as unfavorable 


nodes of the primary deformatior n the inner surface, as an 


where else 
If we take t/2, 


he assumed values of quation [26|) beeomes 


(7) (¢4) 


0.149 a» 0.605 o O.457(; 1.611 


S = 0.296 a 0.218 a 0.258( 1L.61Ur/t) 


7 0.135 avy + 0.200 a 0.5600; 1.611 


Using the sets of values of r/t, and o/e, found 
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Equations [23} and [24] for points up to the peaks of Fig. 8, 
in Equation [28], we can solve for ¢,/UE. By cross-plotting, 
eurves of ¢/¢,, versus Ur/t for constant values of o,/UE are 
determined and plotted in Fig. 9 1.48% 1.61Ur/t)/a 


The curves of Fig. 10(a) are obtained from Fig. 9 for U 


0.00015 
Fig. 10(6) and Fig. 10(c) were plotted from this value 


l.2la 


OValr/t 


U and the calculated values of a and » at the peaks in Fig 
1.61Ur/t 


by using Equations [2], [8], and [14] 





On Plastic Flow 


J. THORNE,' LOS ANGELES, CALIF 


By C 


A general solution is given for the behavior in the linear 
case of a mechanical model proposed and used by Henry 
Eyring and others. Four examples are worked in detail. 
In particular, the steady-state solution for the deflection 
in periodic vibrations is given in terms of the material con- 
stants for any frequency. The transients are given in de- 
tail for the three possible cases and inequalities are given 


to determine which case a particular problem is. 
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the transients generally as a function of the roots of 


equation. Four specific examples are worked 
uit in detail. The examples are primary creep (constant force) 
ibrations (periodic force), constantly increasing foree, constantly 
increasing elongation. It should be noted that H. Eyring and 
his co-workers discussed the nonlinear problem when the mass or 
t is then included only for 


ts acceleration was zero. Example 


omple teness 


litt 


Miopet 


rhe model consists of a spring and dashpot in series, and this 


The 
equivalent circuit is given in Fig. 3. The linear model will mean 
I h and dashpot } dt) In 
he derivation this is equal to replacing sinh zx by z in the coeffi- 


combination in parallel with another spring as in Fig. 1 
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Call the first two terms X)1r;2)(1). 


Case III. Let 
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Flow of Heated Gases 


By A. S. THOMPSON,? DOWNEY, CALIF 


The purpose of this investigation was to find a convenient 
method for correlating the variables involved in the trans- 
fer of heat from the wall of a passage to a gas moving at 
high velocity in the passage. A graphical design method 
has been developed, using the Reynolds analogy between 
heat transfer and friction, for one-dimensional flow in a 
passage of variable area, and with variable wall tempera- 
ture. 


NOMENCLATURE 
following nomenclature is used in the paper: 


distance along passage 

cross-sectional area of passage for fluid flow 

perimeter of passage 

hydraulic radius of passage = A /s’ 

pressure in fluid 

velocity of fluid 

weight of fluid per unit of time flowing through A 

mass density of fluid 

Mach number of fluid = w/a 

velocity of sound in fluid 

enthalpy of fluid, per unit weight of fluid 

heat added to fluid from wall, per unit weight of fluid 

viscosity of fluid in boundary layer 

heat-transfer coefficient for boundary layer 

thermal conductivity of fluid in boundary layer 

friction factor in Fanning equation 

constant applied to Reynolds analogy to account for 
roughness” 

temperature of fluid 


total temperature of fluid 


wall temperature of fluid 

specific heat of fluid at constant pressure 
specific heat of fluid at constant volume 
ratio of specihic heats = c,/¢ 
acceleration due to gravity 

entropy of fluid 


It has been called to the attention of the author that this paper 
parallels in certain respects another which became available after the 
present paper was prepared, namely, ““The Mechanics and Thermo- 
dynamics of Steady One-Dimensional Gas Flow,"’ by A. H. Shapiro 
und W. R. Hawthorne, Journat or Appiiep Mecuanics, Trans 
ASME, vol. 69, 1947, p. A-317. Shapiro and Hawthorne use the same 
fundamental equations to develop a formulation suitable for numeri 
cal integration for a given problem. The present paper develops a 
graphical design method by which problems muy be solved very 
quickly by drawing lines on chafte and with a minimum of 
numerical calculation. The resulting formulations differ from those 
of Shapiro and Hawthorne primarily because of this difference in aim 
and the difference in the forms of equations resulting therefrom 

Research North Americar Aviatior Ine Mem 
ASME 

Contributed by the Heat Transfer Division and presented 
Annual Meeting, New York, N. Y., November 20-December 3 
of Tae American Society or Mecwanicat ENGInerrs 

Discussion of this paper should be addressed to the Secretary 
ASME, 29 West 39th Street, New York, N. Y., and, will be accepted 
intil April 10, 1950, for publication at a later date« 
ceived after the closing date will be returned 

Nott 
understood as 


of the Society 


mainly 


Engineer 


at the 
1948 


Discussion re 
Statements and opinions advanced in papers are to be 
individual expressions of their authors and not those 


Paper No. 48—A-45 


r = shearing stress in fluid 
Any consistent system of units may be used 
P = Prandtl number 
S = Stanton number 
N = 
R 


= Reynolds number 


Nusselt number 


INTRODUCTION 


It has been assumed that the laws for a perfect gas can be used 
for small steps throughout the range of application of the present 
method and that the Reynolds analogy between heat transfer 
and friction is applicable. No discontinuities such as shock 
waves have been considered 

The use of the chart involves a stepwise approximation to the 
actual flow composed of processes at constant Mach number 
oceurring in a finite length of passage, and of processes at con- 
stant total temperature (isentropic), assumed to occur in 4 zero 


length of passage 
MATHEMATICAL DEVELOPMENT 


The equations for compressible fluid flow in the #teady state 
(conservation of momentum, continuity of flow, and conserva- 
tion of energy) are combined, by means of the Reynolds analogy 
between heat transfer and friction, with the equation for heat 
transfer across a fluid boundary. The differential equation thus 
obtained is integrated for two special cases, an isentropic process 
and 4 process at constant Mach number with constant wall tem- 
perature, giving expressions for pressure and area ratios in terms 
of Mach number and total temperature of the fluid. Next the 
heat-transfer equation is integrated, for the special case of con- 
stant heat-transfer coefficient, to give an expression for total 
temperature in terms of distance along the fluid passage 

It is assumed, wherever this is necessary to expedite an integra 
tion, that all integrations are performed over ranges small enough 
that the terms for the ratio of specific heats, hydraulic radius, 
friction factor, heat-transfer coefficient, and wall temperature 
can be considered constant for the integration interval 

An investigation is made of the limitations imposed by re- 
quirements of the second law of thermodynamics to the varia- 
bles of fluid flow in heating with boundary friction. 

The flow is considered to be one-dimensional, that is, the cross 
section of the passage changes slowly with distance and the pas- 
sage is essentially straight 


EQUATION FoR FLUID Fiow 


mass be 


This is 


For continuity of flow in Fig. 1, it is required that 


neither created nor destroyed within the fluid element 


expressed 


Jp 


0 
(opwA \dr + Adz 
r 


>t 


For steady-state motion, Equation [1] can be integrated to give 


Equation 2] is the continuity equation tor ste “ly motion of a 


fluid 


Fluid,” by H. W. Liepmann 
New York, N. Y., 1947 


Aerodynamics of a Compressible 


nd A. FE. Puckett, John Wiley and Sons, Inc 





92 JOURNAL OF APPI 
Conservation of momentum for Fig. 1 requires that the mass 
in the fluid element times its change in velocity equal the net 














force on the element times its time of application, or 


{ (4 +dA ( oP a ) 
™ 4 4 tT Oe ) >> az 
Pp a= 
} (> ' ir)aa F, dx 


where F, is the shearing force per unit length of passage on the 


Ad dw 
pAddr dt 
l 


2 Or 
3] can be written 


element due to friction. Equation 


dw 


Since velocity is, in general, a function of both time and dis- 
tance along the passage 
ow 
ot 


dw 


dt 


Since, for a given fluid element 


ow 
ot 


dw 
dt 
Substituting Equation [7] into [4 


Ow 
ot 


ow 
Or 


pA + pAw 


For steady motion, Equation [8] becomes 


pAwdw + Adp + F,dz = 0 9} 


Equation |9] is the momentum for the steady-state 


flow of fluid 


equation 


since enthalpy is a state function of the fluid, conservation of 


j 
i 


energy requires that the heat added to the fluid element be ac- 
counted for by the change in enthalpy and kinetie energy across 


the element 


The definition of the specific heat constant pressure 
given by the equation 


t/ 


Also by 
given by the expression 


definition, an incren of total temperature 


4 ‘ 
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Substituting Equations [11] and [12] into [10] gives 


dq = c,aT, 1s 


Equation [13] is the expression of the conservation of energy fo 


steady-state flow 
Equations or Heat Transrer Across a Fiur Bounpary* 


The heat transfer through a fluid boundary is assumed to be 
proportional to the difference between wall temperature and 


total temperature. This is expressed by the formula 


h 
dq = (7 


mpgu 


T,) dz 4 


The value of the friction coefficient f, is defined by the equa- 


tion for shearing stress 7 along the wall 


The friction force on the element of fluid is given by 


it 


where s’ is the perimeter ol the Since the hydrauli 


pussage 


radius is defined by 


quation [16] becomes on combination with [15] and [17] 


1 fow* 


2m 


RevatTions BeETween Fiurp Flow anp Heat TRANSFER 


The equations for fluid flow and heat transfer can now be com- 


bined to give a mathematically more useful result. Two more 


expressions are needed Defining quantity R, gives one ex- 


pression 


gkT 19 


For a perfect gas, R is a constant. Defining Mach number pro 


vides the other expression 


M 


20 


Combining Equation [18] with [9 


Eliminating dg between Equation 
l7 


Chis can be rewritten in dimensionless f 


orm 


where 


Equation [24] can be writtet itively as follows 


l'ransmissior 


Book Con 


‘Heat 


iraw-Hil 


Me 


nd editior 


a4 


pet 
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where 
Colt 


k 


P - 


Prandt! number = 


impgu 
Reynolds number = 


uu 


N = 


Nusselt number 


Stanton number 


The Reynolds an tlogy between heat transfer and Iriellon, which 
assumes® a similarity of velocity and temperature fields along the 


wall, gives a value of A equal to 1, For a more accurate calcula- 


tion it is necessary to have the functional dependence of fric- 


tion factor and Stanton number on wall roughness, viscosity, 


Reynolds number, ete., at high temperatures 


PressurRE Ratio Across aN INTERVAL IN A Hearep Passage 


Substituting equation [23] into [21 
pw? aT, 
A 


dp + pwdu 


Combining Equations [19], [20], and [26 
1 di ( 


.v.—,) 


j 
d {log p) + M- .? log M(T) 


An expression for temperature in terms of total temperature 
and Mach number is obtained by combining Equations [20] and 


(12] 


Substituting Equation [28] into 


d {log p ,Med 


Phe second term in Equation [29] ean be rewritten 


swsure Drop i 
A-ARR Ne 
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For the apt ciul case of constant wall temperature 
d |log( 7 


Substituting Equation [32] into [31 


l 
d llog yp + iow (1 4 - ms)» 1 


Mil d lox 


Equation [33] is a differential equation relating pressure to Mach 
number and total temperature. Though it cannot, in general 
be integrated analytically, this can be done for two special cases 
an isentropic process and a process at constant Mach number 


These two processes are shown schematically in Fig. 2 


“Step Approximation 


—~Vie—— Constant Mach Number 
Mae 


Actual Process 


Isentropic 





For the isent ropic process 


M.? 


This process 18 independent of the temperature at which it 
It should be noticed that this process must be isentropic 
for when d(7,) = 0, the friction 


In order for this t« 


occurs 
as well as adiabatic term 
aT,/T. T 


« 


becomes indeterminate m to 
disappear also, it is necessary to assume that the process occurs 
in a zero length, involving a physical discontinuity in the passage 
{23 ]) For a process at constant Mach number 


yr (en) 


a finite length o 


(see Equation 


P ( l a/T, 
Pr, \t aff. 
This process is assumed to oceur in 


The correct value of Mo is given by the following integration over 


fom 


M,*? = * 


Pasnage 


the act ual process 


log 
l, 


By the mean value theorem, for small steps, M; < Mo <M 
and the correct value of My can be bracketed between arbitrarily 


close limits. Equations [34] and [35! can be combined to give 


the pressure ratio across the whole step 
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Equation 36] is the expression for the pressure ratio across 


small step, composed of an isentropic process and a process a 


constant Mach number, which can be so adjusted as to approxi- 


mate any actual process 


ArEA Ratio Across AN INTERVAL IN A HeatTeD PassaGe 


It is desired to find the change in area occurring in the same 


step. Eliminating p between Equations [2] and [19] 


wAg gR1 
WW r 


Eliminating w and 7 with Equations [20], [28], and [37 


Combining Equation [38] with 


M, 
M 


Combining Equation [38] with [35 


\ 7M? 
é i 


The expression for area ratio across the ste p becomes 


41) 


PeMPERRATURE CHANGE Function or Distance ALONG 


PASSAGE 


mstant 


md 7 
to change the fluid 


step small enough that f, rm, A, can be considered 


the 


temperature 


interval of length necessary 


from 7 by an integration of Equa- 


” 


thon (25 


the intervals of length along the passage 
and 41) 


equation (42 


with the variables of I quations [36] 
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ENTROPY CONSIDERATION 
It is to be expected that certain limitations would be impose« 
thermodynamics on 


flow It is this 
The differential of entropy ds, 


by the requirements of the second law of 
heated, 
to investigate these limitations 


nonadiabatic the purpose of sectior 


is given by 
pd 
] 


can be written in terms o 


The 
enth alpy h 


differential of internal energ 


du = dh dp 


Substituting Equation [44] into 


dh dp 
7 


Since dh = c,dT’, and p RT, Equation [45] can be writter 


ds 


where, assuming a pertec 


R 


7 


/ jlog 


Substituting the value of 7’ from Equation 


) 
d {log 7 
) x 


Substituting the value « 


vields several 


exists wher 


nad 
mt ma 


derivative 


esses, has zeros when 
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(F) 0+ Sg BS) 


For values of 7/7 
to the first term of Equation [51 


close to zero, the slope is very great; due 


the shape is approximately 
logarithmic Due to the second term the slope becomes infinits 
at 7 T 1, being positive before and 
rhe zero as 7,/T 


Schematically then the entropy curve is as shown in Fig. 3 


negative after this 


point slope tends to tends to infinity 








Che interpretation of the curve in Fig. 3 is somewhat as fol- 


Below T,/T,, = 1, 


lows = entropy is increasing due both to fric- 


uddition of heat Above 7,/T,, = (T,/T. en- 


thon w 
to the withdrawal 


ind to’ the 


tropy is decreasing faster due f heat than it is 


Between these 


thar 


increasing due to friction two points entropy 


is increasing faster due to friction it is decreasing due to 


withdrawal of heat 
the 


As long as the total temperature is below 
wall temperature it must rise, and if the total temperature 
is above the wall te mperature it must fall, as would be expec ted 
for other reasons I rom I quation 52 , lor 0 « A«< 2, 


that 


it is neces- 


sary (since negative the Mach 


temperatures cannot exist 


number at the stationary point be limited to 


M 


As the Mach number approaches the upper limit, the tempera- 


ture ratio at which the stationary point occurs approaches 
lo find 


tations in Mach number as a function of tem 


will be 
From 


and 
an entropy considerations will be applied 


log P 


perature in expression relating these factors 
derived, 
and [38], d can be eliminated 


Equations giving ar 


expression 


Performing the indicated differentiations and simplifying 


d|log( A? 


FLOW 


OF HEATED GASES 


This can be solved for the rate of change of total temperature 


with Mach number 


since 


rdded 
points where d (7 F 2 = () 


by Equation [13 asure 


to the stream of fluid, the 
represent the conditions where the maximun ! 
heat has been added (or taken 

One series of these 
r/7 


irea and Mach number exist | 


possible amount 


iway 
points is given by equating to zero the ex- 


pression (1 Equation [57]! then requires that no 


which continuous 
tion 7/7 l 
sted for 7/7 


| pomts is given 


combination of 
heating or cooling can occur through the cond 
The entropy condition requires that the fluid be he 
T’,/1 I 


A second series 


1 and cooled for 


by equating 


d \log 


Macl 


that temperature may be 


This amounts to the statement that, at any number, it is 


possible to change area in such a way 
stationary, or increasing or decreasing, provided the entropy cor 
dition is fulfilled 

For 


pression 


a cylindric#! tube, Equation [58] degenerates to the ey 


mM: = () 


Equation [59] states that it is impossible either to heat or to cool 


continuously through Mach number 1, for the cylindrical tub« 
that, since d (7'./7 nd 


then d (T,/T,,)/d(M* 


1) are of sign 
4 


The entropy consideration 


(1 T,/1 


is positive when (1 T/T, 


requires 


are alwavs of the same sign 


)}and (M 


are of the same 


pposite 
we, for heat 


ss than 1, and 


and negative when they sig He 
ing, the 
decreases for Mach number greater than | 


effect 


Mach number increases for Mach number ke 
while 


special case of the eylindrical 


for cooling the 
18 opposite The 


Nielsen 


tube is 
discussed by 
Discussion or CHARTS 

Graphical information for the design of 


Figs. 4 
Fig. 4, are 


passages 
of heated gas is presented in chart and 5 
The 


stant 


straight lines in the chart, solu 


values of K 


total te mperature to wall te mperature 


of Equation [42], giving plots of the 


iygainst fractional distance 
to be noted that A 1.0 corre 


The ter K is 


actual process where A varies 


ilong the passage It is sponds 


to 45 deg on the chart parame i direct measure of 


slope In ar temperature 


and di slong the passage, the process is « red for small 


tance 


steps using an average value of A in each st e total length 


of passage needed is that whict the desired temperature rise 


ilto | 


gives 


on the chart in a fractional dis slong the 
The 
A, B, ¢ 


are the 


ance passage e¢ 


chart in Fig. 5 is divided 
, and D Part A 


solutions of | quation [39 


The 


mto tour designated «as 


parts, 


Fig. 5, gives a family of curves whict 


the parameter being an arbi 


trary constant processes represented | t hee 
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RATIO OF TOTAL TEMPERATURE TO WALL TEMPERATURE 


weur at constant total temperature of the 


wecessary to cause the flow constant total temperature 


between two given 


it these Mach 


The ratio of the corresponding 


the ratio of 
Part A 
in Part 
ime process at constant total 


Part B is the 


hange Mach numbers is given by 


the ordinates numbers, on any curve it 


wdinates on any curve 


B gives the pressure ratio for the 


emperature, The family curves in solution 


» Equation (34 This ratio gives 


vhich would exist due to the aren oin Part A if there were no 


Irietion 


he curves of of the chart in Fig. 5 are the solution 


Kus The area ratio 


the isentropic pressure ratio 


Mach 
processes represented ty u ur con 
flow with frietio t rive onst Mauel 


to ens 


with rutile r 
number lr 
heange bets 


vr, th it © NeCeSSAT 


values of the ratio of total temperature » wall temperat 


given v th tio « } ordinates eorre 
Mach numb 


responding ordinates, in Part D on the 


sponding to these 
peratures, on the for the giver 
number, gives the total pressure r 
oniin the passage the same proces 


Part D is the solution to Equation 
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An actual process will, in general, follow neither a line of con- 
stant Mach number nor one of constant total temperature. A 
particular problem may specify either area or pressure ratios 


through the passage. It is then necessary, on the charts, to ap- 
proximate this specified variation of area or pressure ratio by a 
series of steps consisting of constant Mach number and constant 
total temperature processes As un example of the use of the 
charts, the stepwise solution is shown for a circular tapered tube 


with heated flow under the follow ing conditions: 
= | = const = parameter, Equation 23 
800 deg K = constant wall temperature 
= 0.5 = ratio of total temperature of gas at inlet to wall 
temperature 


«| = 0.95 = ratio of total temperature of gas at outlet to wall 


1 
i 
7 
r 


z=! temperature 


Do = 0.25in. = diameter of tube at inlet 


Do x > 
1+ = hydraulic radius 

1 l 

rD ( r y 
1 + 

H l 

= Mach number at outlet 
R| = 20,000 = Reynolds number at outlet 


0.049 
= = iriction lactor 


(Rp? 


The viscosity of air in 


* 10-+( — 
T + 120 


is the temperature in degrees Kelvin 


from Sutherland’s 


taken 


An estimated 


poises Was 


equation 


= 170.9 


where 7 
value of 1, based upon average values, was made (l’ = 71 in 

Values of A were calculated for the five steps shown, and lines 
drawn on the chart, Fig. 4, with corresponding slopes for these 
steps. Since the desired outlet temperature was obtained at a 
fractional distance equal to 0.96 instead of 1.00, a new trial was 
made with 1 = 71 XK 0.96 = 68 in. 


the tube, as indicated by the fact that the second trial gave the 


This is the correct length of 


proper temperature at a fractional distance equal to 1 
The plot with 1 
ship between temperature and distance along the tube, which is 


68 in. on the chart, Fig. 4, gives the relation- 
used to plot, in dotted lines, the desired variation of area ratio 


with temperature on Part C of the chart, Fig 5 The seven 
steps, used to approximate this area are shown in the four parts 
tube is 


of the chart, Fig 5 The ratio of total pressure in the 


given from Part D as 


0.492 


The isentropic pressure ratio, from Part B, is 


5.98 


6.50 
The static pressure ratio is hence 


0.492 « 0.92 0.452 


lhe method of transferring a given constant Mach number area 
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ratio from the Mach number curve plotted in Part C to a new 


> 


position on the desired area curve is shown for step 3 (M = 0.34 


by the dash lines 


INVESTIGATION OF ERRORS 


In plotting the curves in Fig. 4, the ratio of specific heats 


was taken equal to 1.4. It is considered pertinent to find what 
error is involved in neglecting variations in Since, in the 
plots of constant Mach number processes, y appears always in the 
combination yMo?, 


plots by taking processes at M 


a correction can be made easily in using the 


instead of at My where 


where 7’ is the true ratio of specific heats for a particular process 


ippears 


For the plot of pressure ratio against Mach number, 


in the combination 


For numbers 0 <M < 1 


mated by two terms of a power series 


(+5 


The percentage error @ in the pressure 


this expression can be roughly approxi- 


Toss & given step 


due to a percentage error » in is app 


a number | this error is 


OA 


i function of M2, and since 


from 1.4 is not more than 10 per cent 


Since this error is approximately 
the maximum variation of 
up to 5000 F this error will never be larger than 5 per cent and will 
in general, be much less in the range of temperatures considered 


For the plot of area ratio against Mach number, 


appears It 


the combination 


l 
M 


By the two-term approximation to th 


power series, 


irea ratio due to error ny» is 


error 1s 


Phis percentage 


error in pressure ratio 


In plotting the constant Mach number processes it 
Fig. 5, it was assumed that A | For any other v 


new chart must be made 








Discussion 


Bending of Rectangular Plates Sub- 
jected to a Uniformly Distributed 
Lateral Load and to Tensile or 
Compressive Forces in the 
Plane of the Plate’ 


Rosertro Contini.2 The problem of a simply supported rec- 
tangular plate under uniformly distributed lateral load and uni 
form compression in the direction of one pair of sides was studied 
some time ago by Mr. C. H. Heilbron and the writer 

The method of solution adopted was similar to that of the 


that, 


paper, except instead of a Fourier series of the type 


ZY,, sin (mrxr/a), one of the type DX, sin (mry/b) was used 
For the case of no end load, the latter solution is more rapidly 
convergent than the author's in the range of aspect ratios a/b > 1 
hence less so if a/b < 1.‘ As a rule, this is also true if end load 
is present, although there may be some question as to which solu- 
tion is preferable in the neighborhood of a/b = 1 

In the author's solution, however, advantage should be taken of 


the relations 


mar l 


a P/D 


*) || 


[mols ¥( 
meee’ tas 


for tensile end load, and 


a a ( e) 
| cos 2 | D a 
a P 
cos 2 \ D 


lor compressi v¢ end loud, in order to obtain the best possible con 
By means of these relations, those parts of the series 
14) and 


21] of the paper can be calculated directly rather than as a sum- 


vergency 
arising from the last term within braces in Equations 


mation: the second of the foregoing relations cannot be used, 
when one of the terms 


22] 


however, if, for any m, a,? = P/D, i.e 
of the author's series requires the application of Equations 
to [24] of the paper 


As an example, the coefficient y for the moment M, at the 


published in the JouRNaL or Apptinp Me 
ASME, vol. 71, pp. 301-309 
Burbank 


' By H. D. Conway 
cHANIcS, September, 1949, Trans 


Lockheed Aircraft 


? Research Engineer Corporatior 
Calif 
2 Lockheed Aircraft 
December, 1945 
‘**Theory of Plates and Shell by 8 


Book Compa Ine., New York, N. ¥ 


Corporatiot teport No. 4960, Section B 


Timoshenko, MeGraw H:! 


1940, art. 29, p. 128 


center of the plate in the case a/b = 2.0 and P/P, = 0.5 (com 
pressive 1) by the Lockheed method, (2) by the 
author's method, and (3) by the author’s method, modified as 
suggested. For the Poisson's ratio, the value » = 0.3 was 
The results are given in Table 1 


was calculated 


ised 


CALCULATIONS 


Author's 
method 
modified 
072279 
0.161312 183 
0 013960 037642 
0.001947 000125 
O (0562 0v0022 
0. 000239 000003 
000000 
148806 


TABLE 1 RESULTS COEFFICIENT 


Author's 
method 


Lockheed 
method 
+0.125 
+ 0. 023896 
0. 000000 


Nonseries term 
ist term of series 
2nd term of series 
3rd term of series 
4th term of series 
Sth term of series 
6th term of senes 0.000125 
= +0. 148806 0. 148851 


An important point which was overlooked by the author is 
that, for certain combinations of aspect ratio and end load (either 
tensile or compressive), maximum bending moments do not occur 
at the center of the plate. For the case of compressive end load, 
the author's assumption that maximum moments occur at the 
center may lead to serious errors The considerations which fol- 
low apply to this case 

In the previous study,* bending moments for the range of as 
and it was found that in 


pect ratios a/b > 1 were investigated, 


general, as the ratio a/b increases, maximum bending moments 
move away from the center of the plate, occurring at some other 
point on the center line parallel to the z-axis. More specificalls 


(the values quoted in the following are for » = 0.3 


1 For P = 0, the maximum moment M, does not occur at the 
1.8; 


tance from the end of the plate equal to approximately 0.66 


center of the plate if a/b>~ fora/b = @ it occurs at a dis- 


and its value is 0.0445 gb*. The value of a/b for which the maxi- 
mum moment M, begins to move away from the center of the 
plate decreases slightly with increasing values of P 

2 For P = 0, the maximum moment MV, occurs always at the 
center For a/b = @, any finite value of the load P will cause 
the maximum moment M, to move away from the center, i.e 
the maximum moment will occur at a finite distance from the end 
of the plate. The value of a/b for which the maximum moment 
V7, begins to move away from the center again decreases as P in 
wos 


M,. re 


M,=pqo" (v0.3) 
— | 


—— ! 
~~=-- AT CENTER 
OF PLATE 


P/P,+09 A 


MAxiMUM 
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creases; for instance, for P/P,g = 0.5 this value is approximate!) V,, respectively, if (a? ym?) < 0 and (va,?—m?) <0. From 
2.5, and for P/Pg = 0.9 it is approximately 2. the inequalities just set forth and from the expression for i 
Curves giving maximum-moment coefficients 8 and y, using terms of a, it follows that M@, cannot have a maximum at a finite 
results from the previous study,? are shown in Figs. 1 and 2 distance from the edge while M, will if 
herewith. These figures should replace the author's Figs. 9 and 
10. For comparison, the moment coefficients for the center of the 
plate are shown in dotted lines for those regions where they are 
not maximum, 


SS , From the foregoing discussion, the following conclusions 
The range of aspect ratios a/b < 1 was not investigated, but, . 


: $a which supplement and modify some of the author’s-—can he 
under certain conditions, maximum moments may be expected sles 
“ arrived at for the case of compressive end load: 
to occur, not at the center of the plate, but at some other point on 
the center line parallel to the y-axis. Some indication of what 1 Throughout the whole range of aspect ratios from zero to 
happens can be obtained from the solution for the limiting case infinity, maximum bending moments are never independent o 
a/b =0. This is easily derived by introducing a new co-ordinate /. As Figs 1 and 2 herewith show, these moments are always 
= y + (b/2), representing the distance from the edge y = —/2. larger than the corresponding maximum moments for the cass 
Substituting for y its value in terms of z, and for A, and C,, their 7? = 0 
values, Equations [19], into Equation |18] of the paper and then 2 For very long plates (a/b > > 1), maximum bending moments 
letting 6 approach infinity, the following equation for the de- cannot be calculated by means of cylindrical-surface formulas, ex 
fection is obtained cept for M, in the limiting case P = 0 
3 For very short plates (a/b << 1), it appears that the maxi 
r mum moment M, can be calculated by means of evylindrical-sur 
| dD face formulas for all values of ?. On the other hand, such for 
Pp —™ mulas will be applicable to the calculation of the maximun 
2ma,,? V PD (. 2 moment VW, only if P > (4D /a*)(1 v)? 
Db 
Pd ’ AutTuor’s CLosunt 
lhe following equations ean then be written for the derivatives 
of the bending moments along the center line parallel to t'« Che author is indebted to Mr. Contini for his discussion. Fo 
pncin the sake of mathematical elegance it is probably desirable to sun 
parts of Equations [14] and [21 However, in the example give 
by Mr. Contini, the first two terms of the author’s series give 


[ om 
L result which is only 1 per cent in error; such convergence is quite 
3° ( 


satisfactory for any practical problem 
The fact that, for certain values of a and end load, the 


maximum bending moments will not occur at the center of the 
plate is interesting and subscripts “max” in the paper should 
therefore be changed to “center However, the author cor 
siders this to be of academic interest only and the maximum re 
sultant stress in plates with practical values of a/b and compres 


sion end load ean usually be caleulated as occurring at the center 


The Dynamics of Cavitation 
Bubbles' 


P 
D EpWARD SILBERMAN.? V r has made some qualitative 


observations regarding the initia r f bubble formation i 


where 


Since an infinitely wide plate buckles essentially as a column 
low-pressure regions which may nterest to readers of this 
the following inequalities apply for any » = 

paper The observations were made incidental to experiments o1 
resorption of air bubbles in turbulent water The experimenta 
ipparatus consisted essentially of a seale cite evlinder, fill 
with distilled water 4 brass rotor w the evlinder 
near one end and connected by a shaft to an externil motor 


f the bending The liquid inside the eylinder could be made to rotate in a turbu 


In investigating the of the derivatives o 
lent state at various speeds by controlling the speed of the motor 


moments, it will be sufficient to consider only the first term of each 

series, as these converge very rapid! With this approximation \ pressure connection to the evlinder (through a sealed diaphragm 

lor = permitted wide variation in superimposed pressure Observ 
tion was with the unaided eye under a strong continuous light 
or with an 1S-power micr ope mbination with a strobe 


scopic light 
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Air Bubl tio 
negative tor some 1 ° ean have at value No. 1. series 


oz Jz 


For the moments 1) rt i maximum at a finite dis- 


tance from the e t derivatives would have to become 


between + land + is > Vuries, | only happen, for 7, and Minne 
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The water in the cylinder was saturated with air at atmospheric 
Cavitation was produced in the rotating liquid by 
(A similar 


pressure. 
suddenly dropping the mean pressure only | or 2 psi. 
or much larger drop in pressure in static liquid produced no cavi- 
tation.) Immediately after the pressure drop very small bubbles 
began to form in the liquid. These were merely pin points of light 
of 0.001 in. diam or less. (The size estimate was obtained by 
stopping the rotor and watching a bubble in the microscope. 

The bubbles continued to form as long as the low pressure was 
maintained. A further reduction in pressure (or an increase in 
the speed of rotation) increased the rate of formation of the small 
bubbles perceptibly, but did not increase their size to a measurable 
degree. A sudden increase in pressure did not reverse the process 
®& measurable time was required to make each bubble disappear. 
Of course the gas inside the bubbles was essentially air rather 
than water vapor, but the formation process was truly cavitation 
as it is usually defined. By reducing the saturation pressure of 
the liquid, small bubbles, consisting mainly of water vapor, could 
be produced just as well by the same process 

It might be well to mention at this point that the small bubbles 
were undoubtedly produced in the turbulent vortexes where the 
pressures were considerably smaller than 1 or 2 psi below atmos 
pheric pressure. The bubbles were first visible at points about one 
quarter of the distance from the cylinder axis to its walls where 
the turbulence appeared to be greatest, and where the rotational 
and irrotational flow were joined. The small bubbles were proba- 
bly expanded nuelei in accordance with the theory stated by the 
author; when once expanded, the nuclei maintained their size by 
virtue of their increased surface energy even though they moved 
into higher-pressure regions. 

After initial formation of the sm "| bubbles, the phenomenon 
observed by the writer was not ¢ ition as it is usually de- 
scribed by the engineer. As stated by the author and confirmed 
by many experimental investigations including those of the 
writer, the rate of diffusion of air into and out of the bubble is of a 
much smaller order of magnitude than the rate of evaporation or 
condensation of water vapor. Therefore as long as the existing 
pressure exceeds the vapor pressure, individual bubbles grow and 
shrink only in accordance with the gas laws as the pressure fluc- 
tuates rapidly. Incidentally, the principal method of growth of 
the writer’s bubbles was by coalescence following collision, mainly 
along the cylinder axis 

It is believed that the presence of solid matter, the basis of the 
author's theory of bubble formation, was demonstrated in the 
writer's experiments. The distilled water, which was at first per- 
fectly clear, came to have a dirty appearance after many repeti- 
tions of the cavitation process. The water was changed many 
times during the course of the experiments, but it always became 
dirty. This phenomenon was orginally attributed to wear on the 
seal where the rotor shaft entered the cylinder, but on disman- 
thing the apparatus no signs of wear eoul | he detected It is now 
believed that the dirty appearance is attributable to the coales- 
cence of submicroscopic solid nuclei from the coalescence of small 
bubbles over « period of time. In a few instances, solid particles 
were actually observed trapped in the surface of bubbles of about 
0.02 in which had been formed by 
smaller bubbles 

Perhaps it should have been brought out in the paper that the 


diam coalescence of many 


occurrence of cavitation is not limited to the walls of a solid body, 
but that any discontinuity in the liquid is a potential cavitating 
surface by virtue of the vortexes generated thereat. The edges 
of wakes behind blunt bodies, the edge of the jet in an open-jet 
water tunnel, and the experiment just described by the writer 
are examples, The author's three regimes of flow apply to these 
examples as well as to the solid body 

3 of the 


The phenomenon of rebound, illustrated in Fig paper, 


requires much further study. Perhaps it may be explained in « 
homely way as the struggle of the liquid to release the surface 
energy of the bubble and to return its residual gas and vapor to the 


nuclear state of low surface energy 
AurHor’s CLosuRr 


Mr. Silberman’s remark that the occurrence of cavitation ix 
not limited to the neighborhood «/ solid boundaries is correct, 
and it was not the author's intention to imply otherwise, It is 
well known that cavitation may oceur in the reduced-pressure 
fields produced in vortex flow, but it is often difficult to get quan- 
titative information from these experiments 

The author would like to comment on a suggestion of Mr 
Silberman that a bubble when once expanded may maintain its 
increased size by virtue of its increased surface energy even 
though it moves into a region of higher pressure. An increase in 
surface energy, that is, the work done against surface tension 
cannot in itself give a stabilizing effect on a gas bubble in a liquid; 
in any such configuration, surface tension always acts in the 
direction of contracting the bubble. 

The author disagrees with Mr. Silberman’s final remark that 
the rebound phenomenon is related in some way to the release of 
the surface energy of the bubble. The cavitation bubbles which 
we have analyzed collapse from a maximum radius of approxi- 
The ratio of the surface energy of such a bubble 
The sur- 


mately 0.1 in. 
to the pressure potential energy is of the order of 10~* 
face energy therefore constitutes a trivial portion of the total 
It is believed that the rebound phenomenon will be 
effects which enter 


energy 
explained in terms of the compressibility 
toward the end of the collapse, 


An Energy Method for Determining 


the Dynamic Characteristics 
of Mechanisms' 


W. M. Dveptvey.? This paper another worth- 
while contribution by the author in the field of applying mathe- 
matics to the kinematic and dynamic analysis of engineering 
mechanisms. He shows that if a train of mechanism has rigid 
parts and only one degree of freedom, then in a given position the 
These 
velocity ratios may be found throughout the motion cycle by the 
At any position, each part contains a fixed 


represents 


velocities of the parts bear fixed ratios to each other 
usual methods. 
percentage of the total kinetic energy 
plotted, it becomes possible to solve two types of problems of 


(1) If a curve of motion versus time ix 


When these have been 


practical importance: 
specified, one can find the driving-force function which is neces 
sary to produce it; {2) if 
by a spring or hydraulic cylinder, the resulting motion can lx 


the driving force is specified, a- 


found 

The latter problem arises frequently in the engineering de 
These are usually invented by tool- 
makers rather than by engineers. The toolmaker 
advantage in being skillful with his hands, and blissfully ignorant 


velopment of mechanisms. 
has a dual 
of high stresses, wear problems, the need for easy repair and 
adjustment, and other bugaboos which have a paralyzing effect 
on the thought processes of a trained engineer When a machine 
has appeared which is workable on a laboratory basis, it is a very 
common experience that the inventor is unable to take the re- 
maining steps necessary to make it practical for use without the 
continual presence of a skilled mechani 
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At this point, the engineer can step in and perform the essential 
function of redesigning the machine for ease of manufacturing, 
adjustment, and repair, the elimination of fatigue failures due to 
excessive stresses, the provision of adequate bearings and lubrica- 
tion, and a good appearance. To meet these requirements and 
to be sure that the machine will carry out its operations with the 
necessary speed and accuracy, he will probably have to make a 
dynamic analysis of the motions. The existing textbooks on 
machine design are of little help in such work, as they usually 
deal with graphical methods and omit mathematics almost en- 
tirely. Some of the earlier European treatises are more useful, 
but they are generally out of print and not available even in 
libraries 

In the field of cams, in particular, theoretical design methods 
until recently have lagged far behind the operating problems 
being encountered. At high speeds, the effects of friction and 
elasticity of the parts are likely to be of controlling importance, 
his earlier 


as the author points out As a result of 


together with those of Dudley‘ and Hrones,’ it is believed that 


paper,?* 


fairly complete mathematical methods are now available for 
problems in cam geometry, the analysis and control of elastic 
deflections at high speeds and damping. It is to be hoped that 
the author will be encouraged to write a more modern ‘‘Kine- 
maties and Machine Design” textbook, with adequate use of 
both analytical and graphical methods, as there is now a great 


need for such a work 


G. A. Norumann.® 
exceedingly useful tool in me 


The method of this paper constitutes an 
‘hanism analysis. Since its presen- 
tation by the author, the writer has applied the energy method to 
calculations ot the dynamic response of several mechanisms and 
found it both simple and effective 

The limitations of the 
vuthor hardly detract from its merits 


process which are described by the 


Specifically, they arise 
because energy terms corresponding to friction and to elastic 
deformations of links, depend not only upon the position of the 
inertia loads’’ (which, 


The writer would like 


mechanism but also upon velocities and 
in turn, are functions of accelerations), 
to suggest an approximate procedure which takes account of 
these effects and partly controls their cumulative nature 

The velocity-displacement variation of the mass center of link 


k is represented by 


/28,7 
vy, = - 
my 


28, 


Ta (r+ hk, +E 


where 8, is the “per cent total Kio” and 7 is the total kinetic 


energy of the mechanism. 7' is equal to 79, the kinetic energy 
present at the start, plus (fF; + F,), the energy added subse- 
these, F; is 
the 


a function of displacements only and 
the 
ind thus includes fric- 
form of E 


quently Of 
author E 


corresponds to forces contemplated by 


u celer ntrons 


effects The 


varies with velocities and 


tional and deformation functional 
and kb 
Let the author’s method be applied, using phases 1, 2, 3 n 


rhe 


the 


is assumed known 


of the mechanism calculation may then proceed from 


phase to phase, with complete velocity and seceleration 
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plan being determined in one phase before proceeding to the 
next. Since velocities and accelerations are required for the 
calculation of E,, it is suggested that this term for phase n be 
computed on the basis of the preceding phase (n-1). The 
remaining error, which arises from changes in FE, due to differ- 
ences in velocities and accelerations between phases (n-1) 
and n, is insignificant if 2. is small compared to 79 and £,, and 
if phases are closely spaced. This procedure is capable of further 


refinement by successive approximation 


D. K. Wriaurt, Jr.’ 
tion of a method of dynamic analysis which should be very useful 


The author has presented a clear explana- 
to machine designers. His recognition of this latest example of 
the power of the energy method, and his careful working out of 
the details are to be commended. 

Although the author has stated correctly that any method of 
velocity analysis would be satisfactory as a first step in the solu- 
tion, the “‘phorograph” method* appears to be a natural adjunct 
to the steps to follow. In this method, a rotating link is chosen 
as the phorograph link, upon which is found a velocity counter- 
the 


All velocities in the mechanism are thus gathered onto one link, 


part or phorograph of each other point in mechanism 
are directly proportional to the angular velocity of that link, and 


the truth of the basic theorem stated by the author is made 
evident 

As an example of the use of the phorograph, Fig. 1 herewith 
shows the slider-crank mechanism used by the author for his 
first exampie, with the phorograph velocity solution drawn on 


the crank, link 2 


c 


Of 


Fie. 1 PHoroGRAPH SOLUTION OF SLIDER-CRANK MECHANISM 


Using the notation of Equations {1 and [3} of the paper, 


and referring to Fig. 1 of this discussion 
V. = (Oc) 


(Og 


Be 
BC 


(crank 


KI 


( piston 
r 


' 
(conn rod) = Wi 


KI 


mechanism cal 


The 


then be 


distribution of the kinetic energy in the 
computing the quantities in the 


No 


nter the calculations 


determined merely by 


brackets of Equations [4 5}, and [6] of this discussion 


velocity assumed or otherwise, need 
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Applied Kinematics,’ by J. H. Billings 


D. Van Nostrand Cor 
New York, N. ¥ nad ¢ t. § 


diti« s, chapt. 5 





DISCUSSION 


The sum of the bracketed quantities is the equivalent moment 
of inertia of the mechanism in that position referred to the crank- 
shaft. 


\uTHoR’s CLOSURE 


Dr. Dudley not only has presented a concise and accurate dis- 
cussion of this method, but has rendered a valuable service by 
here it can be applied in the development of a ma- 


ideal 


machine design could best be written by several 


indicating 


chine. The author believes, however, than an text on 


kinematics } 
individuals, such as Dr. Dudley, who have made valuable contri- 
butions to the subject and who have a broad, comprehensive view 
of the problems involved in developing machinery 

Dr. Nothmann’s suggestion makes possible the analysis of mech- 
and thus 


anisms in which dissipative forces, and the like, exist, 


constitutes a valuable addition to the theory Plans are undet 
way to investigate the behavior of mechanisms experimentally in 
The 


spacing of the phases can be determined to give results within the 


the Machine Design Laboratory at Purdue University 


desired limit of error. Dr. Nothmann’s method, involving the 
use of values in phase (n-1), can certainly be justified in view of 
the fact that, in many approximate methods for solving differen- 
tial equations, a similar assumption is made. The author is 
grateful to Dr. Nothmann for extending the usefulness of the 
original method to problems of much greater complexity 
Professor Wright indicates the simplification that can be made 
if the “phorograph”’ method of finding velocities is used. In pre- 
senting the energy method it was the intention of the author to 
leave the manner in which the velocities are to be determined at 
The 


has observed that certain individuals have strong personal prefer- 


the discretion of the individual using the method suthor 


analysis, and he did not 
This 


in applying the energy 


ences for certain methods of velocity 
wish to become involved in a discussion on that subject 
resulted in a slightly longer procedure 
method, but one in which the velocities could be determined by 
any means. Professor Wright is to be commended for showing 
the simplification which can result when an appropriate method of 


velocity analysis is used. 


The Use of the Centrifugal Pendulum 
Absorber for the Reduction’ 
of Linear Vibration’ 


Ruren EKSERGIAN.? A large class of machines may have 


disturbance sin an ixial or longitudinal direction which bear a 


constant ratio with the shaft rotation. The problem set forth 


by the author is to counteract such disturbances in an axial direc- 
tion in a way similar to the tuned vibration pendulum absorber 
used for eliminating torsional disturbances 

With the tuned pendulum for torsional oscillations, the « 


+h 


sun 


teracting torque exerted by the pendulum on the vibrating shaft, 


is 


mR(R + L)tn*w% 
b; = J n*we 


R Ln 


where R radius to attachment of pendulum, L = length of 
pendulum, and n = order of harmonic relative to angular speed 


J, is the variable inertia which can be made large by 


‘ 


of shaft w; 
adjusting the denominator toward zero. Moreover, this adjust- 
! By F. E. Reed, published in the June, 1949, issue of the Journat 
or Apptiep Mecuanics, Trans. ASME, vol. 71, pp. 190-194 
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ment is entirely independent of the rotation of the shaft and de- 
pends only upon the harmonic order to be tuned, thus making 
the apparatus effective with variable-speed operation 

For the linear system, in place of the torque reaction of the 
pendulum on the shaft, we are concerned with a tuned vibration 
absorber which can make its linear reaction F, large for any given 
order n and independent of the rotation of the shaft 

Using the author’s nomenclature, if we consider only one pen- 
dulum, the kinetic energy is 


ré cos 6)? + r@* sin? @ + (R +r cos @)*¢* 


The applied forces on ind @ ure and 


FR+ M 


COs @ V. sin @ 
hence 

oT; oT; 
Or; Ou 
OT'p oT, 
o@ Oe 


V. sin @ 


from which 


@+reané:-é@ 


in agreement with the author's Equation [4 


1, + mr? 0 mir cos 6 + (1 


+ m(R 4 


sin 6 cos 6." 


cos @)r sin 6°? = cb t 


Equation +! is the time rate of change of the angular momentum 


and 


V, cos 6 VW, sin @ 


FR P 


is the torque exerted on the pendulum about the shaft axis 


We note O7'p/0e = 0, and 


OT p 
; R+, + +] 


= im cos? 6) ¢@ iM), 


Or) 
The equation of angular momentum of the pendulum, is 


m(R +7 cos 0)? + I, sin? 6 4 


sin 6 viel 
= M, cos 0 


2m(R 


+ 7 cos Oi 


If we combine the author’s Equations [8] and [9] and noting 


the author’s Equation [6] we have 


2((/: 


mR 4 


= M. cos 0 Vv 


sin 6 cos @ r cos 6)r sin @)nw0 


sin @ FR 

which, noting the author's nw = @, is the same as Equation [7] but 
neglects the acceleration term ¢ i.e., it is assumed nw = 
This 


the torsional 


const, 
n gener il, cannot be made nw Varies with 


the 


assumption 


motion of system as modified by the torque 
reaction of the pendulum 
It is important, therefore, to eliminate any coupling between 


This 


the author has accomplished in his particular pendulum design 


the @ and ¢ co-ordinates in small oscillations of the system 
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MecuanicaL ImpevaNnce or THE PENDULUM 
The linear reaction of the pendulum F,, on the mass WM is from 
the writer’s Equation [5] 
r sin 6.67) 


F, = ma; recos @-@ 4+ 


where @ is connected with z, through Equation [6], i.e 


1, + mr*/6 T,) cos @ 


I(1s 
+ m( BR 4+ r cos 6)r lo? fin @ = cé 


mi, r cos 6 + 
tha 


For small oscillations, if @ = 0 ai the equilibrium position, then 
sin @ = @, so that if é =w + 9 and ¢° = w? + Qwy, then the 
coupling due to rotational oscillations can be neglected. This 
can be effected approximately by using a high gear ratio for the 
rotational motion of the pendulum, so that the oscillation is 
around @ = 0, and gravity can be neglected. 


In place of the author’s nomenclature for the 
the rotation of the 


frequency ol 
disturbance, it will be assumed ¢ = w for 
pendulum, while the disturbance is of the nth order relative to 
», so that p = nw 


6.4 


rhen, neglecting the centripetal term 


mrt? |r,¢7"™ rOe) nat | (approx 


~o that 


where 


Without damping, we have 


Qt 
lhe first term augmenting the mass WV by m, 
term can be written 


while the second 
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mrt*n-w*z, 

I 

m 

= M.nto%s 12] 

which for translation is analogous to Equation [1] for rotation 
It is important to note if the disturbing frequency is f then n = 
2xf/w where w is the actual angular velocity for the pendulum 
rotation 
SysTeM Weicuts in a PenpULUM 
(BSORBER 


Errect OF SPRING AND 


Let us consider the system shown in the author's Fig. 4, with 
« torsional hinge spring at the axis of the pendulum, Its zero 
position (i.e., without torsion) is assumed at @ = #/2. The 
weights of the pendulum, combined with the centrifugal loadings, 
Let K = 


pull the pendulum down to its equilibrium position 4 
torque 


Then the elastic hinge 


‘) 


Let ® be the applied torque acting on the 
tational parts include an additional term /,, for the gear train or 
We assume the translatory disturbance to be 


the torsional spring constant 


IS 


The ro- 


system 


the drive motor. 
P, sin (pt + y) which has the same frequency as the rotational dis- 
turbance % sin (pl + a@ The hinge torque 


ot 
00 


acts on the co-ordinate @. The virtual work of the gravity forces 


Vg bz, + 2 mg dix, rsin 6] = (M + 2m)gér 2mar cos 050 


Then the Lagrangian equations are 


ad =) ol ot 
it \Ou or re) 


8 cos 6)? 9? sin? @ + 


2/26? sin? @ + 21,62 cos 


The equations of motion are 
V+ 2m 2mré cos 6 

kr, + (M 

mr? 6 sin 6 cos @ 


cos 6 sin 6+ @?* 4 mar cos 8 — cé 


cos 


Olle 
sin @lde = & [16] 


r cos 6)? + J, sin? é@ + J; 


2m(R 


2{[m(R + 


1.) cos @ sin 6 
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Let 


6 = & . @ = 2+, 
Then, for the equilibrium position, we have 
kr'o = (M + 2m)g 


1s I; 


sin @ cos 6 + m(R 


- aw 
+ r cos &) r sin | Q* + mgr cos & = K it 


The equations of oscillation about the equilibrium position are 


[M + 2m|# + ku 2mré cos 0p = Pye’?! >? 


| lta ] 
mré cos 6 + (1 + mr? 
mR 


sin 6 


e+ea+ (,—], 
COs Oo \Q% — [mgr sin 6 — K le 
cos 6 + mRr sin &)Qy = 0 


+ mr?) cos 26 


I, +m 


+ 2((1; 
|l5a 
7, + 2[m(R 4 


1\((/ 


I, sin? 0 + I, cos® @)} # 
2) sin @ cos 6 + mRr sin A }Qe 


= dyei(Pi te) | | Ga 


If we by 2, 


coefficient between « and z is 2mr cos % and between 9 and « the 


multiply Equation [15a we note the coupling 


gyroscopic coupling coefficient is 


4((/ 1, + mr*) sin 6 + mRr sin @}2 


cos & 
The equations, therefore, can be written with 


JP and 7 = 


2mr cos 


+ mRr cos Oy |Q? 


+ J, ain? & +1 


along with the coupling coefficients already noted. 

Now in the special case where K = 0 and neglecting the weight 
componenis, the equilibrium position then occurs at sin 6 = 6 
0 Hence 8. = By = Oand 


I. 4 


mR + 


j2cp\ay,p* 


Following the author's nomenclature, 2 = ne : 


wi M 4 


2m) 


| 2mTw* F 2mC'w* 
{ M T 2m we 7 
; mre [a 
in agreement with the author’s Equation [22] 

From this analysis we conclude that with a spring constant A 
in the absorber mechanism, the tuning for a given order '/n be- 
comes “dependent” upon a particular rotational speed, and morv- 
over, there is a gyroscopic coupling between the translatory anc! 
Thus « 


spring-governor mechanism would be an absorber but can bx 


rotational motion, so that, in general, nw is not constant 
tuned for only one shaft speed for an '/n order disturbance. 

The author’s ingenious mechanism is a close approximation 
to a true translation pendulum absorber, which, by eliminating 
springs in the absorber itself and setting the equilibrium position 
with the pendulum’s coplanar, the effeet of any variation in the 
motion of the rotational parts is eliminated 


AuTHor’s CLOSURE 


The author is indebted to Dr. Eksergian for his additions to 


the subject. Of particular interest is his analysis of the spring- 
supported pendulums since springing May be in some cases found 
necessary, particularly in the case of low-frequency vibrations 
in a vertical direction 

In view of the detrimental effect of springs on the tuning of 
the absorber, attention should probably be given to design of 
constant-foree supports, such as are used in some pipe hanger 


whose spring constant can be adjusted to zero, 


Primary Creep in the Design of 
Internal-Pressure Vessels' 


Kpwarp Apams Ricwarpson,? It is appreciated that a great 
deal of effort has been expended by the authors in devising mean» 
for designing pressure vessels subjected to high-temperature, 
whereby the allowable streteh during a limited life is attained 
safely 

Unfortunately, it is the considered opinion of the partners* that 
the subjection of the structural members of a high-temperature 
process container, particularly such a one involving high pres- 
sure, to a region of temperatures involving both temperature 
stresses and creep phenomena, should be at least obsolescent at 
the present time 
1940, 


In the original patent issued to the writer in 
it was shown that the structural or vessel wall may be at 


By L. F. Coffin, Jr. P. R. Shepler, and G. 8. Cherniak, published 
in the Jovenat or Appuiep Mecuantica, September, 1949, Trans 
ASMP, vol. 71, pp. 229-241. 

Partner of Edward, (Nellie), and George Richardson; also Publi 
cations Department, Hethlehem Steel Company, Bethlehem, Pa 
Mem. ASME. 

‘U.S. Patent No 
Insulated Vessels and 
Richardson, Sept. 24 


2,215,532, “Method and Apparatus Relating to 
‘tructures of Creat Variety,”’ issued to E. A 
1940 
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atmospheric temperature throughout, irrespective of the process 
temperature, if it should be so desired: certainly temperatures 
well below the limiting one for creep are easily maintained. 
Thus it should be possible to accomplish two aims: (a) remove 
the limit upon process temperature normally imposed by available 
structural materials, (b) reeover virtually all the heat which nor- 
mally would escape through the walls of such a vessel. In addi- 


h at high temperatures 


tion, a chemically active reactant whic 
would be highly corrosive may be almost neutral at atmospheric 
temperatures, greatly simplifying the problem of surface protec 
thon 

The method employed is simple The vessel is lined with an 
envelope of fluid-permeable material adapted to the temperature 
gradients to be expected, the temperatures to be attained in the 
various parts, and the chemical action to be expected.. Two cases 
may be distinguished: (@) The permeating fluid is either a react 
ant in the process or an accept able diluent thereof; (b) the per- 
meating fluid is one other than the reactants and does not minglk 
with the reactants or products. In cases (a) and (6), the perme- 
ating fluid is distributed over the surface of the permeable enve- 
lope, adjacent to the vessel wall which is to be kept cold, at a tem- 
perature substantially atmospheric, and at a mass rate of flow 
such as may be required. The fluid permeates through the per- 
meable envelope from the outer surface to, and through the inner 
surface ‘thereof 

In the ease of (a), the fluid leaving the inner surface mingles 
with the reactants and products; it may be a portion of one 
of the reactant fluids. In case (4), an impermeable envelope 
is placed inside the permeable one so that the fluid in the space 
between the two envelopes may be collected and removed. Such 
fluid being highly heated may be passed through a heat exchanger 
adapted to recovering the heat therein, either by heating a portion 
of the reactants or in’ some other way. Very broadly, any sort of 
construction or process may be handled by one or other of the 
methods described 

The laws of the teniperatures in the permeable bodies involved 
have been investigated theoretically and by tests. It is hoped a 
paper thereon may be presented to the Society. For determining 
the possibilities, a cracking chamber for oils operating at 850 I 
and 750 psi, 6 ft diam xX 40 ft long, was investigated. Using 
commercially available permeable bodies, it was found that such 
The wall thickness of the 


With cold walls, only 2 in 


a method would be quite practicable 
vessel was 4 in., in the original design 
was necessary. The original and very necessary stainless lining 
would be desirable but far from essential in the cold-wall design 
The fluid flow through the permeable body would be of the ordet 
of | per cent of the reactants processed. Virtually no heat would 
be lost from the process, hence no additional heat would be re 
quired in the reactants 

It should be remembe red that at moderate rates of permeation, 
the permeating fluid passing through the inner surface of the per 
meable envelope is at process temperature. If control of the exo- 
thermic heat of a reaction is required, the rate of flow of fluid may 
he increased to lower the reaction temperature 

Later on the partners applied the methods to a furnace with 
controlled combustion As the alleged date of the “sweat-coo! 
ing’’ conception is given as September, 1944, it will be seen that 
the patent specifications of the partners fully anticipated such 
a development as has been carried on under Navy Project 
SQUID 

The partners have gone further, applying related methods to 


very compact heat exch angers, cooling systems, the protection ol 


* U.S. Patent No. 2,311,350, ‘Method and Apparatus for Control 
ling Combustion,” issued to FE. A. Richardson, Feb. 16 1943 
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gas-turbine blading and furnace parts, and have even shown how 
heat exchange may be secured between fluids, one at high, the 
other at atmospheric pressure, while avoiding much of the creep 
effect which must be considered in usual designs. For example, it 
is possible to build steam generators and furnaces, therefore, for 
3500 psi and 1300 F sufficiently compact to generate nearly 200 Ib 
per cu ft of space per hr (as compared with a more usual figure of 
12 Ib per cu ft per hr for 750 F, 1400 psi 
The weight of equipment 


while using materials 
readily available and of moderate cost 
would be about 10 per cent of nm usual, based upon stean 
generators for modern ore vessels 

The primary purpose of this discussion, then, is to point out 
that much work has been done toward the more scientific design 
of equipment for high temperatures and pressures for the twin 
purposes of economizing heat, and removing temperature limita 


tions to the process which have been set hitherto b properties 


of structural materials. It is impossible to do more than hint at 
the methods to be used. Obviously, many other useful effects 
may be secured. Only very limited amounts of material for spe- 
t} 


cial purposes should require the application of the methods giver 


in the pa wer 
AUTHORS CLOSURI 


Mr. Richardson's remarks are of interest However, they 


bear little relation to the technical aspects of the problem 
ly +} 


treated by the authors, and it is fe iat no comments regard 


ing them are necessary 


Three-Dimensional Solution for 
Stress Concentration Around 
a Circular Hole in a Plate 
of Arbitrary Thickness 


M. M. Frocnut 
pects It is important because i nd ie scope of the 


This paper | t least two importar in- 
mathematical theory of elasticity which it is the three- 
dimensional generalization of Kirs« plane solution. It is 
equally important on account of conclusions regarding 
the stress concentrations in cireular 

tension 

The following remarks are 
the paper: 

In 1942 the writer, jointly with M. M. Leven, made a photo 
elastic study’ of the factors of stress concentration in tensile 
bars of finite width with cireular holes. Our attention at that 
time was confined to the primary » the largest principal 
stress and we were not concerned wi e remaining principal 
stresses 

It is of some interest to compare the conclusions 
1942, on the basis of optical studies with those arriy 


withors via the analytical route 


1 Stress Variation In 1942 we found “that in this 
with circular holes the inner layers carry a somewhat greater 


stress than the outer layers The authors find that fA 


By E. Sternberg and M. A. Sadowsky, published in Je 
Appuiep Mecuanics, March, 1949, Trans. ASMI pp 
$s 
Research Professor of Mechanics, Illinois Institute of Technology 
Chicago, Ul Mem. ASMI 

On the State of Stress in Thick Bars,’ by M. M. Frocht and 
M. M. Leven, Journal of Applied Physics, vol. 13, 1942, pp. 308 
313 
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the stress-concentration factor is reduced at the faces of the 
plate and increased in the interior’ (4 = t/D). 

2 Magnitude of Stress Variation and Its Significance. In 1942 
we stated, “the variation in the stresses are, however, small and 
do not exceed 12 per cent. . . . For practical design purposes the 
factors of stress concentration for thick plates may be assumed 
to be equal to the corresponding two-dimensional factors.‘ 
The authors now find that “regardless of the thickness ratio, 
the reduction of maximum stress og does not exceed 10 pert 
cent ,” and that, ““The foregoing conclusions with regard to 
oe... lend further support to the general assertion that factors 
of stress concentrations based upon two-dimensional analysis 
apply to plates of arbitrary thickness ratio.” 

1942 we stated that 


” 


3 Vose's Conclusions. In “the results 
published by Vose . Commenting 
on the same results the authors say: “‘By neglecting ¢, R. W. 
Vose arrived at the erroneous conclusion that the factor of stress 
upon the thickness of the 


. are believed to be in error 


concentration depends sensitively 
plates.” 

4 State of Plane Strain. Although guided by the different 
evidence, the same conclusions were also reached with regard 
to the thickness ratio A at which a state of plane strain is de- 
veloped. Thus, in 1942, we found that “no deviation from the 
state of plane stress (or strain) can be found in bars with central 
circular holes when r/t is of the order of magnitude of about '/, in. 
(This corresponds to A = 2.) 

The authors state: “It is noteworthy that the maximum values 
of o¢ are practically attained already at A = 2. (This maximum 
value of og is the value for plane strain. )” 

It is now well established that in two-dimensional! problems the 
results from photoelasticity and the theory of elasticity are 
generally in excellent agreement. The results obtained by the 
authors bear on the analogous question in the three-dimensional 
field. It should, however, be kept in mind that the problem 
solved by the authors deals with a plate of infinite width, whereas 
the plates studied photoelastically were of finite width with a 
minimum ratio of diameter of hole to width of plate of 0.14 

One aspect of the paper deserves special mention. The au- 
thors show that in three-dimensional problems Poisson's ratio 
may have a considerable influence on the state of stress. For- 
tunately, this influence is confined to the secondary stresses as 
is to be anticipated. In any event, photoelasticians will have to 
be cognizant of the influence of this factor 

In closing, the discusser wishes to express his admiration for 
the excellent piece of analytical work done by Drs. Sternberg 


and Sadowsky 


AcTHORS'’ CLOSURE 


Professor Frocht’s comments on experimental corroboration of 
some of the results obtained in the paper are greatly appreciated 
The authors wish to take this opportunity to make reference to a 
master’s thesis® in which E. Reissner’s method was applied to the 
determination of three-dimensional corrections for the plane 
problem of the half-plane under sinusoidal normal tractions along 


the edge In view of this application, the statement made on 


page 28 of the paper, requires modification At the same time 
the authors call attention to an alternative solution by A. E 
Green® of the problem under discussion, which appeared after 


our work had been submitted for publication 


' The same effect was subsequently found in thick slotted plates 
In tension 
“On Generalized Plane by R. A. Clark, MS thesis, 
Massachusetts Institute of Technology, Cambridge, Mass., 1946 
**Three-Dimensional Stress Systems in Isotropic Plates, I,"" by 
4. E Philosophical Travsactions, Royal Society of London, 


England, series A, vol. 240, April, 1948, pp. 560 597 
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A Strain-Energy Expression for 
Thin Elastic Shells’ 


W. T. Korrer.*?. The author 
Love's theory of thin shells and particularly in Love’s formula 
The arguments put forward to dis- 
Therefore it 


indicates some inaccuracies in 


for the energy of bending 
credit Love's expressions are indeed convincing 
may be of interest to observe that the corrections indicated by 


the author are only of small practical importance. In effect, the 
differences between Love's (linear) components of curvatwie and 
the linear parts of the author’s components of curvature can be 
shown to amount to 

1, 


+ «, = linear part of 


linear part of ~ 
Te 


Cc: 


VEG 


Cc"; 2c; 1 ! 
+ + = linear part of 
VEG VEG \" rm 


As has been shown elsewhere,’ it is inherent to the assumptions 
used in the engineering theory of thin shells that contributions to 
the strain components of the order zA,/rE, ete., may be neg- 
lected 

Therefore in all cases in which the engineering theory (based 
upon the assumptions that normals of the undeformed middk 
surface, remain normals of the deformed middle suriace, and 
direct stresses on planes parallel to the middle surface may be 
neglected) is applicable, the author's corrections cannot affect 
the bending energy appreciably 

On the contrary, it may be considered allowable to add to the 
components of curvature A,/E, ete., arbitrary terms of the 
order Ay /Er,, ete., in order to simplify the bending energy as far 


Ms possible 


AUTHOR'S CLOSURE 


The author has asserted that Love's formula does not cor- 
rectly account for the effects of the tangential displacements u 
and v upon the energy due to bending, since it contains the de- 
which have no effect upon bending, and it 


symmetry, must 


rivatives u, and v, 


omits the derivative u,, which, by reason of 
have an effect similar to that of the derivative v,. Dr 


has shown that the effects of the derivatives of u and v upon the 


Koiter 


energy of bending are, in negligible compared to 


the effects of these derivatives upon the energy of stretching of the 


any case, 


middle surface 
to lead to solutions of special problems which do not differ signif- 
the author’s equations 


Consequently, Love's theory may be expected 


icantly from solutions derived from 
Nevertheless, the author's equations have the advantage that 
they are symmetrical, and that all of the terms in these equations 


can be explained ‘‘physically Love's equations do not meet 


these requirements, since they are unsymmetrical with respect 


June, 1949, issue of the 
ASME, vol. 71, pp. 183 
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to the surface co-ordinates, and they contain some terms which 
logically should be deleted. 

It has been pointed out that one part of the energy of bending of 
x shell is due to rotations of elements of the middle surface about 
their normal] lines. In order to reconcile Love's theory with 
that of the author, this effect must be neglected, since Love's 
¢ quation cannot correctly account for the rotation, inasmuch as 
the derivative u, is lacking. Dr. Koiter indicates that this effect 
is always negligible if the tangential displacements u and r are 
sinall, and the radii of curvature are large compared to the thick- 
ness It then follows that all of the u and r-terms may be dis- 
carded from C, and C,’ (Equation [8] of the paper), since thes: 
terms account for rotations of clements of the middle surface 


about their normal lines. This conclusion is practically useful, 


‘are a source of difficulty in 
If the u and 


’, and quadratie terms in u 


since the u and p-terms in C, and C, 
the integration of the differential equations of shells 
-terms are discarded from C, and C 
This relationship eliminates a 


ire neglected, then C, = ¢ 
anomaly from the theory, since the shearing strain y.. (quatior 


11 1}) is now given by a linear equation in 
2 (4G) 


approximate expression | 


2k 


Strictly speaking, the strain energy of a shell is not uniquely 
determined by the displacements of the middle surface. Analo- 
gously, the strain energy of a beam is not uniquely determined 
by the curvature of the neutral axis. Fe> example, equal and 
opposite forces, applied laterally to a beden, change the strain 
energy without changing the curvature of the neutral axis. In 
order to obtain a unique strain-energy expression for shells, the 
author has used the usual assumption that the stresses ¢,, 7,,, and 
r,, are negligible. Also, quadratic z-terms in the strain tensor 
have been neglected. Within the limitations of these assump- 
tions, the author’s derivation of the linear terms in u, r, and wu 
in the strain-energy expression is rigorous, since the analysis is 
purely formal mathematics. The fact that some of these terms, 
although of the first degree, are still negligible, was not con- 
templated. Dr. Koiter has raised an important point in dis- 
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cussing the relative magnitudes of these terms, since it is essen- 
tial to discard, from the differential equations of shells, all terms 
which do not have primary significance, if solutions of special 


problen sare to be achieved 


The Dynamic Response of a Simple 
Elastic System to Antisymmetric 
Forcing Functions Characteristic 

of Airplanes in Unsymmetric 
Landing Impact’ 


R. L. Brspuincuorr.?’ The author has demonstrated the sever- 
ity of wnsymmetrical landings in producing dynamic stresses 
Since landings involving side drift occur frequently in service, and 
are often unsymmetrical, the critical features demonstrated in the 
present paper are of considerable importance in dynamic-landing 
analyse It should be observed that the increased dynamic re- 
sponse factor in unsvmmetrical landings may not be the only rea 
son why dynamic stresses in unsymmetrical landings are more se- 
vere. In many cases, the wing configuration and the landing gear 
location are such that the landing force is applied somewhat 
closer to the node line in the lowest symmetric mode than in the 
lowest antisymmetric mode 

The dynamic-response-factor curves for antisvymmetri* forcing 
functions given by the author make a valuable addition to those 
already in the literature for other kinds of disturbances 


AvutTuor’s CLosurE 


The author wishes to thank Professor Bisplinghoff for his 
The author agrees that the location of the landing- 
the lowest sym- 


comments: 
gear station may be closer to the node line of 
metric mode than to that of the lowest antisymmetric mode 
and that this is an important reason why unsymmetric landings 


may produce severe dynamic stresses in such a case 


1 By J. B. Woodson, published in the September, 1949, issue of the 
Journnat or Apptieo Mecranics, Trans. ASME, vol. 71, pp. 310 
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? Associate Professor of Aeronautical Engineering, Massschusetts 
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Book Reviews 


Philosophy of Mathematics and 
Natural Science 
or MaTHEMATICS AND NaTwuRAL Scienct By Hermann 


rineeton University Press, Princeton, N. J., 1949. Cloth 


x and 311 pp., 7 figures. $5 


teviewep BY J. OnMONDROYD!' 
major concern of Hermann Weyl has been mathematics 
nd the 
his career as a mathematician 
the field o 
in the domain of the theory of relativity 


o-— 
ee 


He is labeled by 


which he has made 


learning in 
But one of 


himse institutions o 


his important interests has been in mathematical 


part cularly 


physics 


Running concurrently and continuously with these interests has 
been his philosophical outlook on science and mathematics and 
the relationship between the two. His numerous publications 
include works in mathematics, relativitv, and the philosophy of 
mathematics and science 

This book is a revised and augmented translation of Professor 
Weyl’s “Philosophy der Mathematik und 


appeared in Oldenbourg’s Handbuch der Philo- 


Naturwissenschaft 
which originally 
1927. The 


which cover some aspects of the development of mathematics 


sophie in sugmentation consists of six appendixes 


physics, chemistry and biology in the last twenty-three vears 
Dr. Olaf Helmer, 
lated the whole Handbuch article with the exception of two sec 
trots The whok 


translation was reviewed and revised by the original author 


versed in mathematics and philosophy, trans- 


which were translated by the author's son 
In the original Handbuch text we have the outlook of a philo- 


sophically minded mathematician at the time when the theory 
of relativity had reached completion, and the new quantum me- 
‘hanies was about to arise. The three parts of this book are in- 
tended to be a report on some of the more important philosophical! 
results and viewpoints which have emerged primarily from re 
search within the fields of mathematics and the exact empirical 
sclences The book is divided into three parts The first two 
Part 1, Mathematics, and Part 2, Natural Science, are the 
The third part, 


contains six appendixes, forms the augmentation and 


parts 
translation of the original Handbuch articles. 
which 
modernization of the text. The subjects treated in Part 1 are 
Mathematical Logic, Axiomatics, Number and Continuum, the 
Infinite, and Geometry Part 2 discusses Space and Time, the 
Transcendental External World, Methodology, and the Physical 
Picture of the World 


Structure of Mathematies, Ars Combinatoria, Quantum Physics 
and Causality, Chemical Valence and the Hierarchy of Struc- 


Appendixes A to F include essays on The 


tures, Physics and Biology, and the Main Features of the Physical 
W orld, 

This 
mands which most of us in the profession of engineering cannot 
meet. As the outline of 
pects the reader to be completely conversant in details with the 


book makes tremendous demands on its readers—de 


the contents indicates the author ex 
foundations of mathematics and most of the physical sciences in- 


cluding chemistry this he 
familiarity with the works of most of the philosophers from Thales 


and biology. Besides presumes a 


to Bertrand Russell According to the author, “ [Sections of his- 


torical and supplementary interest not necessary to the main 
Michigan 


Professor of Engineering Mechanics, University of 


Ann Arbor, Mich Mem. ASMI 


course of development are indicated in this volume by 


opening and closing brackets, such as these These “unim- 


portant” sections containing, for the most part, philosophical 


comments by the creators of mathematies and physics are per 


haps the only sections in the book which some engineers can read 


with understanding. Inevitably those engineers who do have 


the curiosity and the temerity to take up this book will con 


sider it in comparison with the popular works of Eddington and 


Jeans on scieuce which were best sellers in the twenties and 


They are due tor i severe shock Eddington and 


Jeans had the light touch, in Eddington even the flippant touel 


tiuirties 


ind in the end they probably said nothing; but Weyl has that 
deadl 


h which reach the 


This 


senous Germanic appron may not 


but which actually does sav something 
read It is 
' 


In view o ll thi “ should this book be 


completely 
to be studied 


ix not a hook to he i book 


reviewel in un 


engineering journal’ Parenthetically what right has one 
who cannot understand most of this book to review it” To quot 


the author again One of the prin inal tasks of this book should 


to the literature Ksted in the refer- 


as to the 


he to serve as a critical guick 
engineer who has a cfiriosity 


pnd the 


ences.”” In fact, to any 


development and contents of mathematies physical 
| 

sciences, this book could be an invitation and g}ide to a complete 

education lt is one of the few books which actually make the 


reader stop, think, and investigate For instance, it goaded the 
reviewer into looking at the much quoted and completely neg 
lected “Elements” of Euclid It made 
the reviewer ponder on the meaning of Philosophy, Mathematics, 
and What Mathe- 
matics and the Philosophy of Natural 


Science and the Philosophy of Natural Science? It made the 


in translation, naturally 


Natural Science is the difference between 


Mathematics, between 


reviewer read several books, write some twenty pages of dis- 
connected notes on many different subjects and engage in quite 
« few discussions with his friends. Any book that can do that 
is worth attempting to read 

l-ngineers who are interested in the modes of thinking of mathe 
maticians and physical scientists in the creative and critical 
phases of their work will dip into this book over and over again 
The mere attempt to answer the numerous questions which it 
creates in the reader's mind will be a source of great pleasure and 
might even lead to a more clear-cut approach to his thinking 
Pro 


fessor Weyl might resent this last statement since his book in no 


on the problems which arise in his engineering practice. 


way attempts to give any rules of action. Man in action is not 


t philosopher, but Man thinking about action is 


‘ . . . 
Advanced Calculus for Engineers 
Apvancep Cateoutus vor ENGiInerRs By F. B 
Prentice-Hall, Ine., New York, N. Y., 1949. Cloth. 6 
illustrations, tables, appendix, xiii and 594 pp., $6 


Hildebrand, 
» 


Reviewrp sy Lours A. Pires* 
A stated in the preface, this book was prepared to present an 
integrated treatment of those topics in mathematics which 
may be based upon a sound working knowledge of elementary 
calculus and which are of common importance in a number of 


fields of application. The practical usefulness of the mathematical 
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concepts and techniques developed in the text is illustrated by 
numerous applications to problems which are of interest to a wide 
class of readers. 

The first five chapters are concerned principally with ordinary 
differential equations. The material of the first chapter is an in- 
troduction to the elementary concepts and techniques associated 
with linear ordinary differential equations. In the second chap- 
ter, the powerful techniques of the Laplace transform are de- 
veloped and applied to the solution of ordinary linear differential 
equations with constant coefficients and to the evaluation of cer- 
tain definite integrals. The standard methods for solving ordinary 
differential equations numerically are presented in the third 
chapter. The use of power series for the solution of linear dif- 
ferential equations with variable coefficients and the properties of 
Bessel, Legendre, and hypergeometric functions are the topics 
discussed in the fourth chapter 

Boundary-value problems of interest in engineering are used in 
the fifth chapter to introduce the subjects of orthogonal functions, 
Fourier series, Fourier-Bessel series, Legendre series, and the 
Fourier Integral. Chapter 6 develops the useful ideas and tools 
of vector analysis and together with Chapter 7 serves to introduce 
the basic concepts associated with the simpler types of partial 
differential equations. The treatment of the partial differential 
equations of mathematical physics is illustrated in Chapter 8 by 
well-chosen problems from the fields of heat flow, fluid flow 
mechanical vibrations, traveling waves, and supersonic flow of a 
compressible fluid. In the concluding chapter those topics in the 
theory of analytic functions of a complex variable which are 
needed by the student of engineering are presented. The general 
theory of the complex variable is applied to the evaluation of 
definite integrals and to the two-dimensional flow of fluids and 
allied problems 

In the opinion of the reviewer this is one of the most useful 
texts in the general subject of applied mathematics that has been 
published in recent years. Each chapter is concluded with a 
selection of problems which served to illustrate and extend the 
the ry These problems are chosen from the fields of phy sics and 
engineering as well as from mathematics, and the answers are 
given. This should be particularly helpful to engineers in in- 
dustry who wish to review or to extend their knowledge of 
mathematics. The only possible criticism of the book is the omis- 
sion of the theory of matrixes and their use in the solution of the 
differential equations of dynamics 


Analysis and Lubrication of 
Bearings 
ANALYSIS AND LuBRICATION OF Bearinas. By Milton C. Shaw and 
E. Fred Macks. MeGraw-Hill Book Company, Inc., New York, 


N. ¥ 1949. Cloth, 6 x 9'/,in., figures, tables, Appendix, xv 
and 618 pp., $10 


Revieweo py L. M. Tichvinsky 


"TECHNICAL literature pertaining to the related phenomens 

of friction, lubrication, and wear is rather abundant; however, 
it is scattered over a wide range of publications, such as found in 
mechanical, physical, chemical, petroleum, and metallurgical 
magazines. For this reason the appearance of ‘Analysis and 
Lubrication of Bearings,”’ by Messrs. Shaw and Macks is most 
welcome as it provides a good source of correlation of special 
technical informatior 

As the book is one in the series of publications in aeronautical 
seience, the first four chapters discuss in detail bearing-load 


analysis produced by cyclic type of loading. Dynamics of re 


* Professor of Mechanical Engineering, University of California 
Berkeley, Calif Mem, ASMI 
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ciprocating engines, construction of polar diagrams, and effects 
of centrifugal and axial forces on bearing loading are included 
in these chapters. 

The subjects of the next six chapters are primarily in connec 
tion with hydrodynamic or thick-film lubrication. The classical 
hydrodynamic theory of lubrication with several examples of 
simple integration of the Reynolds equation are presented 
together with the description of the hydrodynamic thrust bear- 
ing. Considerable space is devoted to special cases of lubrica- 
tion which take into account such variables as fluctuating loads 
full-floating bearings, oil-film whirl, composite bearing surfaces, 
and externally pressurized journal bearings 

One chapter is on rolling-contact bearings, with a rather de- 
tailed discussion of ball and roller-bearing performance tela- 
tive motion of bearing elements, elastic deformations, and load 
distribution are presented with respect to a single-row radial 
ball bearing. Load capacity, in form of design equations and 
in form of graphs, friction consideration and methods of lubrica- 
tion are also included in this chapter 

The wide scope of boundary lubrication is covered in oné chap- 
ter together with short discussions of bearing metals and lubri- 
cants. 

A few bearing testing machines are described in the last chapter 
and methods of bearing evaluations are presented. 

The appendix contains a detailed table for the determination of 
piston displacement, velocity, and acceleration of crank mecha- 
nisms, and tables with specifications of six modern aircraft 
engines 

Approximately 300 problems are included at the end of the 
book and arranged in a sequence of chapter subjects. 

The bibliography cites 384 references. There are over 350 
figures and numerous tables 

Design engineers, senior and graduate students, especially those 
who are interested in aircraft construction, will find this book 


very useful 


Thermodynamic Charts for Combus- 
tion Processes 


THERMODYNAMIC CHARTS FOR CompusTION Processes: Part I 
Text; Part II, Charts. By H. C. Hottel, G. C. Williams, C. N 
Satterfield. John Wiley and Sons, I , New York, N. Y., 1949 
Cardboard, 5'/; K 8'/: in., Part I, x and 75 pp., $2.60; Part II 
23 pp. and charts, $2.40. 


REVIEWED BY BENJAMIN PINKEL* 
_ subject publications present thermodynamic charts and 
methods for analyzing the cycles of various types of powe 
plants including the new types developed for aircraft propulsion 
during and after World War II 


Otto, Diesel, ramjet, turbine engine, turbine engine with tail 


The engine cycles treated are the 


pipe burner, and the rocket engine The working fluids con- 
sidered are mixtures of air and a hvdroearbon fuel and their 
products of combustion. For rockets and unconventional en- 
gines the general system comprising carbon, hydrogen, oxvgen, 
and nitrogen is discussed 

The material is presented in two volumes titled Part 1 and 
Part 2. Part 1 contains 75 pages and describes the assumptions 
sources of material, and methods of preparation of the various 
thermodynamic charts and the methods of applying the charts 
to cycle calculations. Numerical examples are presented to 
illustrate the application of the charts to engine-cycle computa- 
tions and include “1, Turbocompressor Power Plant: 2, Com- 
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pression Ignition Cycle; 3, Otto Cycle Engine With Supercharger; 
6, Effect of Flame Travel Across the Combustion Chamber (on 
temperature distribution in combustion chamber of Otto-cycle 
engine); 7, Ramjet, 8, Turbocompressor Engine With Tail Pipe 
Burner; 9, Rocket, Burning Liquid Monofuel; 10, Two-Fluid 
Rocket, and 11, Liquid-Fueled Rocket Motor Operating Between 
Pressures Other Than 300 and 14.7 Psia.’ 
illustrate the computation of various types of thermodynamic 


The several examples 


processes including the compression processes involving air 
and mixtures of air with a hydrocarbon fuel, combustion at con- 
stant volume and constant pressure in which dissociation at the 
taken gas 


a duct of uniform cross section, expansion of 


high temperature is into account, combustion in a 
flowing through 
combustion products, and the throttling process. The method of 
constructing thermodynamic charts for fluids not presented in the 
subject volumes is discussed for guidance in the computation of 
thermodynamic charts for systems involving two or more of the 
elements, carbon, hydrogen, nitrogen, and oxygen 

Part 2 contains 8 large folded charts of the Mollier diagram type 
The first chart 33 in.) entitled the “Modified Air 
Chart thermodynamic properties of air, 


mixtures, and of mixtures of these with their products of com- 


ipprox 27 &X 
gives the of octane-air 
bustion. The principal figure on this chart applies for air and 
has temperature as the ordinate, entropy as the abscissa, and lines 
of constant pressure and volume. Side figures on this chart 
provide corrections to be applied to the values in the prin ipal 
and their 


of the chart 


products of combus- 
is from 300 to 2500 


figure for alr-octane mixtures 


tion. The temperature range 
deg R 

ire for 
the produc Each 
chart applies for a different fuel-air ratio covering a range from 
0.8 to 1.5 theoretical fuel 


fuel is assumed to comprise two atoms of hydrogen per atom of 


The remaining seven charts (approximately 25 X 18 in 


ts of combustion of air and a hydrox arboi fuel 


For six of the charts the hydrocarbon 


carbon, and for one of the charts the fuel is assumed to comprise 
1.625 atoms of hydrogen per atom of carbon. The charts show 


enthalpy and internal energy as ordinates and entropy as ab- 
scissa, and contain lines of constant pressure, temperature, and 
00 deg R are 
covered and the effects of dissociation are considered 

The 
have 


McClure, 


improvements in the 


volume \ range of temperatures from 400 to 5 
are derived from the thermodynamic data which 
Heck, Hirschfelder, 
Only subsequent 


thermodynamic 


charts 


been summarized by R. C. H and 


Curtiss, and Osborne minor 


basic data have been 
made 


The 


demand by 


subject publication provides data of a type in great 


ngine-cycle analysts. In particular the charts for 
combustion products in the high-temperature range where dis- 
sociation is important fill an important gap in the literature on 
data 


conditions on eac h chart some loss in accuracy 1s ine urred 


thermodynamic In the attempt to cover a wide range of 
For 
example, each of the charts on combustion products cuver a range 
of pressures from 0.5 to about 10,000 psi 


For many calcula- 


tions on continuous-flow processes, as encountered in ramjet 
engines and turbine engines, enlargement of the charts in the low- 
pressure range would be highly desirable 

The from the modified air chart to the 


products chart required in passing from compression to the burn- 


transier combustion- 
ing and expansion for some cycles is complicated by the fact that 
the two charts involved have different temperature bases and 
one chart is on a per lb mole basis while the other is on a per Ib 
Althongh the 
quately explained a simpler procedure would be appreciated even 


basis methods for making the transfer are ade 
at some sacrifice in generality in the charts 
In spite of these few shortcomings the charts are a valuable 


addition to the library of the cvele analyst 


Heat Transfer 


Heat Transrer. By Max Jakob. Volume I. John 
Sons, Inc., New York, N. Y., Chapman and Hall, Ltd 
England, 1949. Cloth, 6 x 9 xxix and 758 pp 
tions, Bibliography, $12 


Wiley 
London, 
illustra- 


and 


4 in., 


Reviewep by Josern Kare 


I . 
7 HIS large treatise represents the first major attempt in the 


English language to present the subject of heat transfer in 
great detail from the combined viewpoints of the engineer, physi 
cist, and mathematician In this first of two planned volumes, 
Max Jakob has succeeded in creating an authoritative book which 
will be of great value to many workers in this field, including 
Two 


first, it 


teachers, researchers, students, and practicing engineers 
features distinguish this book from others in the field 
contains a fairly complete collection of detailed analyses and der- 
ivations of important theorems which are difficult to obtain from 
the literature; second, a conscientious attempt has been made 
wherever possible, to explain the macroscopic phenomena fron 
the viewpoint of kinetic theory 

The book 


four chapters 


is divided into five parts The first part (the first 
introduces the basi concepts of conduction, con 
vection, and radiation. The second part (chapters 5, 6, and 7) is 
devoted to « 


encountered in heat transfer 


iscussions of the three properties of matter normally 
the viscosity, thermal conductivity 
and emissivity. Several small tables of numerical values of these 
quantities are given, but the major emphasis is placed on under 

standing the wide variations of the values of such properties from 
The 


third part (chapters 8 through 20) is labeled simply as heat con 


the use of kinetic theory and of the physics of the solid state 
duction in simple bodies, but actually covers a large range of sub- 
jects; these include steady-state and transient proble ms, meas- 
urements of thermal conductivity, sources and sinks, periodic and 
nonperiodic temperature changes, special mathematical methods, 
numerical and graphical methods, and experimental analogs of 
heat transfer. This third part covers almost 300 pages and 
serves well to indicate the detailed treatment of subject matter 
in the book. The fourth part (chapters 2! through 27) treats 
convection in the absence of change of phase or composition 
The subjects covered include a discussion of similarity in flow 
problems, analytical solutions, free or natural convection, forced 
convection, and optical methods. The fifth and last part of the 
book (chapters 28, 29, and 30) treats 


The problems of heat transfer in evapora- 


convection in the presence 
of change of phase 
tion and condensation, as well as a discussion of the similarity 
between heat and mass transfers, are included in this part 

A section at the end of the book contains problems on most of 
the thirty 


index, in the form of a bibliography, and a subject index permit 


chapters for classroom use. An extensive author 
one to find points of interest quickly 

Viewing the book as a whole, one finds many favorable features 
an invaluable basic material—it is a 


It will serve as source of 


gold mine in this respect. It not only evaluates fairly critically 
the original material in the Jiterature, but also corrects the in 
evitable mistakes and extends the original work in many cases 
in this respect it will be of great service to the worker in this field 
It summarizes the state of the art for many of the diverse sub- 
jects and brings them up t« date for most readers by inclusion 
of very recent work 

It is regrettable that in a work of this magnitude more atten- 
tion was not paid to the introduction and presentation of basic 
concepts in the first few chapters. In several cases, the distine- 


tion between a principle ind an arbitrary definition is not clearly 
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evident. In thix connection, it is the opinion of the reviewer 
that the book is far more valuable for its presentation of material 
in theorem form and applications than it is for its treatment of the 
basie principles of the parent sciences, such as thermodynamics, 
fluid mechanics, and kinetic theory. One would hesitate, there- 
fore, to use this book for an undergraduate course in heat transfer 
if one wished to stress the fundamental approach based on a 
clear and unified statement of the laws of mechanics and thermo- 
dynamics together with the arbitrary definitions needed in heat 
transfer, 

In a treatise of 758 pages on an empirical science one would 
expect to find a great deal of data in tabular or graphical form 
which could be used in the solution of heat-transfer problems. 
Such data are almost absent because, as the author states, “It 
was believed that the present book should not be overloaded 
with this or any other empirical material, ” Such a 
view is shortsighted, perhaps, since some material and some 
derivations could easily be shortened to permit the addition of 
some thirty pages of invaluable empirical data without increasing 
the length of the book. It is hoped that this shortcoming will be 
removed in the future 

The emphasis on and selection of type of material in the book 
will reveal to the reader a strong bias in faver of the author’s 
own works. A disproportionate number of t..e total references 
in the bibliography refer to the author's own publications; he 
apologizes for this situation in the prelace. Yet, on close examina- 
tion of the bibliography, one finds no direct reference to the 
excellent fundamental papers of Hottel and co-workers on radia- 
tion. Perhaps these will be included in the second planned 
volume, This criticism of bias should be interpreted merely in 
the sense that the book does not have complete objectivity in the 
eves of the reviewer; it is not a serious defect. 

\{ second volume is presently in preparation. It will deal 
mainly with radiation, thermometry, heat exchangers, and 


selected fields of application. 


Rocket Propulsion Elements 


Rocket Prorutsion ELemMents An Introduction to the Engineer- 
ing of Rockets. By George P. Sutton. John Wiley & Sons, Ine 
New York, N. Y.. 1949. Cloth, 5 x S' «in. ix and 20% py 
illustrations, *4.50 


Reviewrp by Newwan A. Hae 


. YHE art of rocketry is one of the older expressions of applied 
physies. Its initial development is intimately associated 

with the introduction of gunpowder and other explosive com- 
bustion systems. In spite of its great age, however, it has resisted 
to the very present any reduction to an engineering science 
During recent vears, even, much of what has been written on 
rockets has had a touch of fiction and the amateur approach 
Phe persistence of a few individuals, however, and the outstanding 
developments in Germany during the last war have shown that 
the rocket does deserve a firm place among engineering devices 

In “Rocket Propulsion Elements” the author has made avail 
able for almost the first time an introduction fully in keeping with 
modern engineering practice in design and analysis. Such a treat 
ment will be particularly useful to those currently engaged in re 
search and development in this field 

The first two chapters provide an orientation by reference to 
the historical development of rockets and to their general con 
figuration and basie mechanical principles of operation 

The action of a rocket is due to the transfer of chemical energy 
to mechanical energy through the medium of the flow of propellant 
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guses. Consequently, the statement of fluid-dynamic and 
thermodynamic basis of rocket performance as given in chapter 
3 represent an essential starting point. 

Chapters 4 and 5 together with a portion of chapter 10 provide 
« survey of the various types of liquid and solid propellants 
[heir physical and handled characteristics are discussed in detail 
The thermodynamics of the combustion process is developed from 
the principles of equilibrium reactions and chemical-energy con- 
tent 

The design of the rocket components, such as the combustion 
chamber and fuel system as outlined in chapters 6, 7, and 10, is 
based on well-established engineering practice with reference 
particularly to careful selection of materials and due attention t 
heat transfer and fluid-flow principles. These chapters ben 
significantly by the inclusion of detailed examples and illustra 
tions of current design practice 

Chapters 7 and 8 present a well-balanced and restrained dis 
cussion of testing practice and flight periormance Chese tinal 
stages in development have been frequently minimized and thei 
neglect was the cause of many of the failures of early experiment- 

While the needs of the practicing engineer are met very ade- 
quately, the arrangement is such that use as a text is equally pos- 
sible. A large number of illustrative examples are worked out ir 
detail and with most of the chapters a list of examples or the 
student is included 

The book is well-documented to provide a starting point tor 


those concerned with more advanced phases 


Helicopter Engineering 


HeLicorprTeR ENGINEERIN« By Raymond A. Young The Ronald 
Press Company, New York, N. ¥ 1944. Cloth, 6 K 9, 


figures, tables, appendix, xiv and 255 pp., $10 


, 


Revirwenp sy kK. H. Prewrr 


presentation of practical 


PRE book under review is a timel 
information concerning the present state of the art of the heli 
copter industry. Whereas Mr. Young covers a highly technical 
subject, the absence of lengthy detail solutions and the generous 
use of graphs and illustrative figures provide a handbook-typx 
source of information of significant value to any engineer desiring 
to become familiar with rotary-wing engineering. 

In Part 1, Theory and Performance, Mr. Young covers sub- 
stantially all basic data vecessary in the design of a successful 
helicopter. These nine chapters deal with a comparative diseus- 
sion of various helicopter configurations, design criteria of rotor 
~ystems, performance expectations of helicopters in hovering a1 
high-speed flight, theory of stability for helicopters, and a bri 
introduction to jet-propelled rotor svstems 

Part 2, Structural Design: Application and Theory, of Heli 
copter Engineering presents a discussion of 
In addition, rotor-blade design and 


materials and the 


factors affecting weight 
stress-analysis data are listed in sufficient detail to earry out com- 
The concluding chapter of Part 2 concerns 


factors affecting helicopter design, such as flying qualities, per- 


plete calculations 


formance, disk loading, power transmissions, vibrations, struc 
ture, stress concentration factors, and economics 

Helicopter Engineering” will be genuinely appreciated by the 
experienced helicopter engineer because of its consolidation of the 
heretofore widely scattered information, To the engineer start- 
ing in the business, it will afford an excellent source of basic data 
and will provide a constant reference for the daily problems whic! 
arise For other engineers who may wish to broaden their 
knowledge, ‘Helicopter Engineering’ by Mr. Raymond A 


Young, will be interesting and enlightening 
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